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Abstract 



In the framework of nonlocal light-cone expansion of two current operators we construct 
bilocal as well as trilocal QCD light-cone operators with definite geometric twist. We are able 
to decompose uniquely the appearing QCD light-cone operators into all their twist parts on the 
light-cone. 

The quark distribution functions and the vector meson distribution amplitudes which arc de- 
fined as forward and skewed nucleonic matrix elements of nonlocal light-cone operators are clas- 
sified with respect to geometric twist. Hereby we found well-kown and new Wandzura-Wilczek 
type relations between the quark distribution functions with dynamical twist and, additionally, 
between the vector meson distribution amplitudes with dynamical twist. 

Using group theoretical methods we are able to construct all bilocal off-cone QCD operators 
with twist 2 and 3. Additionally, we calculate their nucleonic matrix elements (double distribu- 
tion functions, scalar and vector meson distribution amplitudes). In some special cases we give 
also the twist decomposition of off-cone QCD operators from minimal up to infinite twist. 
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Chapter 1 

Introduction 



Quantum Chromodynamics (QCD) which is a relativistic local quantum field theory based on 
the non-Abelian colour gauge group SUc{3) is well established nowadays as a microscopic theory 
of strong interaction. Because the gauge group is non-Abelian a gauge theory of this kind is 
called Yang-Mills theory. In a gauge theory exist fields which transform according to the adjoint 
representation (gauge fields) of the gauge group and spinor fields which transform as a funda- 
mental representation (matter fields). The matter fields in QCD are "coloured" quarks. The 
interaction of quarks is mediated by the gauge bosons (gluons). Quarks and gluons form com- 
posite particles called hadrons (mesons and baryons). Due to presently unsolved bound state 
problem it is not possible to predict measurable observables from the quark and gluon fields. Al- 
though the high energy behaviour of QCD is believed to be described by the perturbation theory 
due to the asymptotically free nature of QCD, the cross sections are complicated combinations 
of short- and long-distance interactions and is not directly calculable. The standard approach 
to overcome these difficulties is based on the factorization theorem which allows to separate 
(factorize) the soft and hard part of the cross section in a systematic fashion. The soft part 
(long-distance part) can be described by expection values of QCD operators sandwiched between 
hadronic states. Due to the confinement this part can be determined only from experimental 
data or a suitable lattice calculation. On the other hand, the hard subprocess (short-distance 
part) and the evolution of the functions which are occurring in the soft part can be system- 
atically calculated with the help of perturbation theory. The success of perturbative QCD in 
predicting the momentum dependence of hadronic observables serves an important argument for 
the correctness of the theory. So far all experimental data are consistent with the predictions of 
QCD. 

The universal, non-perturbative parton distribution amplitudes parametrizing, modulo kine- 
matical factors, the matrix elements of appropriate non-local quark-antiquark (as well as gluon) 
operators play a central role in phenomenological considerations. These operators occur in the 
quantum field theoretic description of light-cone dominated hadronic processes via the non-local 
light-cone expansion [HI 11261 llU6j . For deep inelastic lepton-hadron scattering and Drell-Yan 
processes the parton distributions are given as forward matrix elements of bilocal light-ray op- 
erators resulting from the time-ordered product of appropriate hadronic currents. For (deeply) 
virtual Compton scattering and hadron wave functions the so-called double distributions and 
hadron distribution amplitudes, respectively, are given by corresponding non-forward matrix 
elements. Thereby, various processes are governed by one and the same (set of) light-ray op- 
erators. The computation of the anomalous dimensions of these operators is one of the most 
important problems of the theory, since these quantities determine the deviation from the scaling 
behaviour of experimental observables. 
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The success of QCD as fundamental theory of strong interactions is intimately tied to its 
ability to describe hard exclusive and inclusive reactions, which has been tested in numerous 
experiments. In the corresponding kinematic regime, i.e., at large space-like virtualities, the 
relevant amplitudes are dominated by singularities on the light-cone, which, in the framework of 
a light-cone expansion, can be described in terms of contributions of definite twist. The notion of 
(geometric) twist, for local operators, has been introduced originally by Gross and Treiman [^31 
as twist = (canonical) dimension — (Lorentz) spin; it uses the irreducible representations of the 
orthochronous Lorentz group and, as such, is a Lorentz-invariant concept. Using the notion of 
twist, one is able to expand systematically the cross section in inverse powers of a characteristic 
large momentum scale Q^, and extract the leading contributions. The higher twist effects 
describe the quark-gluon behaviour inside the nucleon, and thus contain information about the 
quark-gluon correlations. Possibly, in the near future the experimental precision data will allow 
for the determination of non-leading contributions and, therefore, require for a careful analysis of 
the various sub-dominant effects contributing to the physical processes. When considered beyond 
leading order, i.e., beyond lowest twist operators in tree approximation, one is confronted not 
only with radiative corrections but also with power corrections resulting from higher twist as 
well as target mass effects. Higher twist contributions are obtained by the decomposition of 
the operators with respect to (irreducible tensor) representations of the Lorentz group having 
definite twist r. These representations are characterized by their symmetry type (under index 
permutations of the traceless tensors) which is determined by corresponding Young tableaux. 
With the growing accuracy of the experimental data a perturbative expansion with respect to 
the experimentally relevant variable, M^/Q^, M being a typical mass of the process, will be 
very useful. 

An alternative approach to twist-counting is based on the light-cone quantization in the 
infinite momentum frame [HHl with the decomposition of the quark fields into "good" and "bad" 
components, V = + V'-j with ip^ = ^7^7^?/;. As has been pointed out in [7S1 [7^1 ? a 
"bad" component introduces one unit of M/Q because these components are not dynamically 
independent and may be expressed through the equations of motion by the "good" ones times 
the above kinematical factor. Despite being conceptionally different this definition looks similar 
to the phenomenologically more convenient one which counts only powers of 1 /Q in the infinite 
momentum frame j78U79j . However, these power-counting concepts of "dynamical twist" are not 
Lorentz invariant and do not agree with the original definition. Furthermore, the same power of 
1/Q may occur for different values of r. The mismatch between dynamical and geometric twist 
becomes relevant once power-suppressed higher-twist contributions are included and leads to 
so-called Wandzura-Wilczek (WW) relations between matrix-elements of operators of different 
dynamical, but identical geometric twist, the prototype of which has been derived by Wandzura 
and Wilczek for the nucleon distribution functions (DFs) gi and g2 (1231 . 




In addition, the "dynamical twist" is applicable only for matrix elements of the operators 
and, therefore, is not directly related to the operators itself. Even more, if the matrix elements 
contain more than one momentum, as will be the case for the deeply virtual Compton scattering, 
the definition of Q is quite ambiguous and different definitions are related according to Q — > 
Q(l + f{p±,q)M'^/Q'^ + . . .) with some Lorentz invariant factor /. Therefore, from the point 
of view of renormalized quantum field theory only the original geometric definition of twist is a 
well-defined concept. The problem which remains is how this concept has to be generalized to 
the nonlocal operators appearing in the nonlocal light-cone expansion. 

Because the (geometrical) twist is a straightforward scheme to decompose local operators and 
to classify generalized parton as well as skewed distribution amplitudes we generalize this nota- 
tion for nonlocal operators, in principle, for any twist. The considered operators are necessary 
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for the investigation of different phenomenological QCD processes. We perform this program 
for Hght-cone as weU as off-cone QCD operators. 

This thesis is organized as follows. The Section 12.11 is mainly introductory. It collects 
the necessary definitions, physical motivations and explains the basic ideas. In Section 12.21 
we give a motivation why we use the concept of geometric twist for nonlocal operators. We 
collect and explain the steps for the procedure of twist decomposition of nonlocal operators. In 
Section [3.11 and 13.21 we give the straightforward classification with respect to (geometric) twist 
of quark distribution amplitudes and vector meson distribution amplitudes on the light-cone. 
These both classifications are quite similar because the same light-cone operators are related to 
different hadronic processes. A further problem, which we will solve, is how the (geometrical) 
twist decomposition of parton distributions which has been given in this work relates to the 
(dynamical) twist decomposition of parton distributions given, e.g., by Jaffe and Ji [ZHIIZO] and 
to the decomposition of vector meson distribution amplitudes given by Ball and Braun jl4l I15j . 
The interrelations between the dynamical and geometrical distribution amplitudes are calculated 
and used to derive Wandzura-Wilczek type relations between the dynamical twist distribution 
functions. Most of them are new and might be of phenomenological interest. The material 
presented in these two Sections was first published in Ref. and in Refs. j97|i98|. In SectionESl 
we calculated the power corrections of double distribution amplitudes, and meson as well as 
pion distribution amplitudes with definite geometric twist. With the help of the harmonic 
extension we are able to resum the target mass or power corrections in general non-forward 
matrix elements. The material presented in this Section is based on Ref. j65j . 

The Section [4. II contains all formulas of the so-called tensor polynomials which are relevant 
for the twist or spin decomposition in 2/i-dimensional spacetime in this work. The constructed 
tensor polynomials are irreducible with respect to SO{l,2h — 1) and S0{2h), respectively, on- 
cone as well as off^-cone. They are given on-cone as well as off-cone. 

In Section r4.2l we give systematically the complete twist decomposition of the various gluonic 
bilocal light-ray tensor operators of second rank being specified by different symmetry classes; 
their twist content ranges from 2 up to 6. 

In Section 14.31 we extend these results with minor modifications to the trilocal light-ray 
operators: trilocal quark-gluon correlation operators (related to so-called Shuryak-Vainshtein 
operators) and four-fermion operator, as well as multilocal quark and gluon operators. 

In Section 14.41 we present the general twist decomposition of off-cone operators. The pro- 
cedure is very close to the so-called Nachtmann method for the mass corrections in inclusive 
processes. This approach is based on (irreducible) harmonics of S0{1, 3) and SO(4), respectively. 
From the group theoretical point of view it also works for the case of non-forward processes. 
The power of that approach consists in the fact that one determines the twist decomposition 
at first for the local and nonlocal operators and only afterwards takes the matrix elements. For 
totally symmetric (local) operators we are able to study the decomposition up to infinite twist. 
Additionally we give the twist decomposition of operators with other symmetry types up to 
twist 2 and 3. 

The technical details which are needed for the twist decomposition are collected in the Ap- 
pendixes. In Appendix ^ a short exposition about the characterization of irreducible tensor 
representations through the Young tableaux is given and the Appendix ^ contains some ba- 
sic notation with respect to the Lorentz group. Appendix O is devoted to the concept of an 
interior differential operator on the light-cone which was originally introduced by Bargmann 
and Todorov . In Appendix ^ we investigate the target mass corrections for a scalar the- 
ory in 2/i-dimensional spacetime. In this framework we calculate the corresponding scattering 
amplitude. 
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Chapter 2 

Quantum field theoretical treatment 
of light-cone dominated hadronic 
processes 



2.1 Light-cone dominated scattering processes and light-cone 
expansion in QCD 

In this Section we discuss the quantum field theoretical description of light-cone dominated 
scattering processes. In fact, we consider some scattering amplitudes, QCD-operators and cor- 
responding nucleonic matrix elements. Unfortunately, so far it has not been possible to make an 
ab initio calculation of a QCD scattering amplitude on hadrons. The main reason is due to the 
fact that hadrons are bound states of both quarks and gluons (confinement). Anyway, until the 
confinement is not better understood, a way out to calculate QCD processes is the light-cone 
expansion together with the renormalization group equation. 

2.1.1 Phenomenology of hard scattering processes in QCD 

The scattering amplitudes of light-cone dominated hadronic processes, e.g. DIS, according to 
the factorization hypothesis - are usually represented by the convolution of the hard (process- 
dependent) scattering amplitude of the partons with appropriate soft (process- independent) par- 
ton distribution amplitudes. For many hard scattering processes in QCD which are dominated 
on the light-cone, the nonlocal light-cone (LC) expansion, together with the renormalization 
group equation, is a powerful tool to determine the dependence of the nonperturbative dis- 
tribution amplitudes on the experimentally relevant momentum transfer . This is the case 
for, e.g., the parton distributions in deep inelastic scattering (DIS), the pion as well as vector 
meson distribution amplitudes and, as growing up more recently, the non-forward distribution 
functions in deeply virtual Compton scattering (DVCS). 

First, we discuss the relation between the forward virtual Compton scattering and the DIS. 
The virtual Compton amplitude for the forward case is defined by 



as shown graphically in Fig. 12.11 Here, |-P, 5*) is the hadron state with momentum P and spin 
S. The imaginary part of the virtual Compton scattering amplitude, T'^'^{P,Q'^), is related to 




(2.1.1) 



4 



Figure 2.1: Kinematic notation for the forward Compton amplitude. 



the hadronic tensor W^'^ with the help of the optical theorem according to 

VV^ = —ImT''^. (2.1.2) 
27r 

The hadronic tensor is given by 

Wf"" = — ! d4xe^'?^(P,5| \J^'ix/2),ri-x/2)] IP, 5). (2.1.3) 
4vr J 

It describes the internal structure of the nucleon in deep inelastic scattering (DIS). DIS is a 
scattering process between leptons and a fixed hadronic target. The incoming lepton (/) with 
momentum k interacts with the hadron [N) target with momentum P through the exchange 
of a virtual photon of momentum g = A: — A;' if we consider only the QED interaction between 
the lepton and the nucleon and keep only the lowest order (see Fief. I2.2|l . Thus, it is possible to 




Figure 2.2: The DIS process in Born approximation. 

calculate the hadronic tensor by means of the virtual Compton amplitude in the framework of 
OPE. Let Sa be the spin vector of the nucleon so that 

p2 = M^, 5^ = -M^, {PS) = 0, (2.1.4) 

where M denotes the mass of the nucleon target. 

On the other hand, using Lorentz covariance, gauge invariance, parity conservation and 
discrete symmetries of the strong interaction the hadronic tensor for the case of a nucleon target 
can be expressed in the Bjorken limit: 

u = qP — . oo, Q'^ = -q^ — > oo (2.1.5) 

with the scaling variable 

^ = ^ fixed (2.1.6) 
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by the four scalar structure functions Fi, F2, gi and §2 according to 



-ie^-V + . (2.1.7) 

The symmetric (antisymmetric) part of W^'^ is related to the unpolarized (polarized) scattering. 
The structure functions Fi and F2 can be measured by using an unpolarized beam and target, 
the structure functions §2 and §2 require both a polarized beam and a polarized target. The 
differential cross-section for inclusive scattering l(k) + N{P) + ^(Px) (see Fig. 12.2(1 

can be separated into the leptonic (L^'^) and the hadronic tensor. The leptonic tensor can 
be calculated completely in the framework of QED. Unlike the leptonic tensor, the hadronic 
tensor cannot be computed directly from QCD because of non-perturbative effects in the strong 
interaction dynamics. 

In the Bjorken limit the structure functions are functions of ^ and independent of to 
leading order, a property known as scaling. Radiative corrections in QCD produce a small 
logarithmic dependence of the structure functions which is calculable for large since 
QCD is asymptotically free. Accordingly, the scale invariance (dilation symmetry) in QCD is 
broken due to quantum corrections and introduces scaling violations (anomalous dimensions). 
The evaluation of the structure functions or parton distribution functions is calculable in 
perturbative QCD. It is governed by the anomalous dimensions of the corresponding operators 
and the renormalization group equation. 

Second, we discuss the off-forward virtual Compton scattering. The Compton amplitude 
for the scattering of a virtual photon off a hadron provides another possibility in QCD to 
understand the short-distance behaviour of the theory. The Compton amplitude for this general 
case of non-forward scattering is given by 

r^,(P+,P_,Q) =i j d^xe''i^{P2,S2\T{J^{x/2)M-x/2))\Pi,Si). (2.1.8) 

Here, 

P+ = P2 + Pi, P_ =P2-Pi =91-92, (2.1.9) 

q = {qi + q2)/2, Pi + 91 = ^2 + 92, (2.1.10) 

where 91(92) and ^1(^2) denote the four-momenta of the incoming(outgoing) photon and hadron, 
respectively, and Si, S2 are the spins of the initial- and final-state hadron. The kinematics of 
this process is depicted schematically in Fig. 12.31 To specify the asymptotics of virtual Compton 



qi (U ^ ^2 









Pi 




P7 



Figure 2.3: Kinematic notation for the off-forward Compton amplitude. 
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scattering the generalized Bjorken region will be defined as follows 



1/ = ^ — >oo, Q'^ = -q^ — >oo (2.1.11) 
with the two independent scaling variables 

= (2.1.12) 

to be held fixed by the experimental setup. These variables which are not restricted to the 
interval [—1, +1] are obvious generalizations of the usual Bjorken variable and the "skewedness" 
parameter. Of special experimental importance are the cases of deep inelastic scattering (DIS) 
described by the absorptive part of the forward Compton amplitude (see above), t] = 0, and 
the deeply virtual Compton scattering (DVCS)I83! with one real outgoing photon q2 = corre- 
sponding to ^ = —r]. In the generalized Bjorken region the amplitude 1)2.1. 8|) is dominated by 
the light-cone singularities which allows to apply the OPE. For DIS as well as DVCS the relevant 
information about the non-perturbative structure of the nucleon is contained in the expectation 
values of QCD operators in the nucleon, which can be interpreted as the (generalized) parton 
distributions and "skewed" parton distributions, respectively. 

Similar considerations also hold for hard (light-cone dominated) exclusive processes in QCD. 
The amplitudes of those processes are expressed by the factorization formulas which separate the 
short-distance part from the long-distance one. Vector mesons (V = p, to, K*, (p) are produced 
in processes like exclusive semileptonic (or radiative) B decays {B — >■ vev, B V + 'y) and hard 
electroproduction of vector mesons (7* + N V + N'). The physical interest in this case arises 
from the fact that the following vertex function is directly observable in QCD: 

T^,iq,P;X)=i J d^xe"^^0\RT iJ^ix/2)M-x/2)S) \ViP,X)), (2.1.13) 

where J^j can be axial or vector currents and |1^(-P, A)) is the vector meson state of momentum P 
and helicity A. Here, the universal nonperturbative quantities, the meson distribution amplitudes 
(DAs), sometimes also called meson wave functions, are given by means of the vacuum-to- 
meson matrix elements of bi-local operators on the light-cone, (0|Or(2;, —x)\V{P, A)), with T = 
{l,75;7«,7a75;'7a/3,cra/375} and describe the long-distance part. 



2.1.2 Light-cone expansion 

The light-cone expansion (LCE) is a straightforward scheme to treat different light-cone domi- 
nated scattering processes. It is possible to obtain asymptotically valid informations about these 
processes in this framework. There exist different versions of the LCE, e.g., the local and the 
nonlocal LCE. 

The local LCE is a generalization of Wilson's short distance expansion jl25j . For scalar 
currents j{x) = 0(x)0(x) the local OPE is given by |!IT] : 

00 

T{j{x)j{0)) w Vc„(x2)2;''i ...x''" 0^1... ^„(0) + higher order terms. (2.1.14) 

n=0 

Here the considered operator product is represented as an infinite sum (tower) of local operators, 

O^,...^„(0) = </.(0)a^, ...5^X0), (2.1.15) 
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with canonical dimension dn which is equal to the scale dimension^ in free-field theory. Because 
this operator is completely symmetric and traceless (x^ = 0) on the light-cone it has the maximal 
Lorentz-spin j. Usually local operators are classified with respect to their (geometrical) twist 
T = dn — j j69j . Here Cnix"^) are local singular c-number coefficient functions which can be 
classified according to their degree of singularity at = 0. Operators of the same singularity 
at = are of the same importance. Coefficient functions with maximal singularity appear 
in leading order. A disadvantage of the local LCE is that Eq. (|2.1.14|) is not a true operator 
identity. It exists on a dense subspace of the Fock space only ^126. ;;3P^ . 

The standard form of nonlocal light-cone expansion in scalar field theory was introduced by 
Anikin and Zavialov 6 . It is given by the following expression: 



RTUix)jiO)S) 



/ d^i / dK2C{x'^ , Ki, K2) 0{kix, K2x) + higher ordev terms, (2.1.16) 
^0 Jo 



which represents a true operator identity. A rigorous proof of the nonlocal LCE has been given 
in |Hj for the scalar field theory. This nonlocal OPE holds on the whole Hilbert space in contrast 
to local OPE which is only justified in a restricted region of the Hilbert space |126| I.SOj . Here 
0{k,ix, K2x) are bilocal light-ray operators on a straight light-like path between kix and K2X. 
The light-like vector 



x = x + pM(^^l-^-lj, with x' = (2.1.17) 

is related to x and a fixed non-null four-vector p whose dependence drops out in leading order 
expressions. The nonlocal LCE is in some sense an integral or summed up representation of the 
local LCE. The nonlocal and local operators are related through the following formulas: 

0{KIX,K2X) = V ^^0„,,„2(5), (2.1.18) 
ni,n2 

/ d ( d 

On^^nzix) = {-Q^j ['q^J 0{kiX,K2x)\^^=^2=o. 

In Refs. jHH inni I1U61 |H1 El some aspects of the nonlocal LCE for the case of QCD has been 
studied. Following the Refs. jtiUUlUOj we use now the nonlocal OPE for the case of QCD. In this 
way we consider the renormalized (R) time-ordered (T) product of two electromagnetic currents 

RT{j^'{x/2)r{-x/2)S), (2.1.19) 

where the renormalized 5-matrix is given by 



S = RT exp j^i J d'*x£cffj ■ (2.1.20) 
Here Ces denotes the effective Lagrangian of QCD [7^ 

Cos = -\ F^^F-^-" + i> in^D,{A) -m),p-^ [d^A^f + D'^^ {A)c\ (2.1.21) 



'^The scale dimension of the local operator O^j^...^^^ (y) is given by the transformation behaviour with respect 
to dilations at the point y = Q. 
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which contains the gluon field A'^{x), the ghost fields c"'{x) and c"(x), the quark field ip{x), 
and a is the gauge fixing parameter. The indices a, b are used for the field and the covariant 
derivative D^^{A) in the adjoint representation of the gauge group 5'f/(3)coiour- On the other 
hand, the quark fields and the covariant derivative 

D^{A) = d^ + igA^^{x)t^ (2.1.22) 

are given in the fundamental representation of this gauge group. 
The electromagnetic current of the hadrons reads 

J'^(x) = Vi(x)7^^A) + -^A^^ for SU{3)a„. (2.1.23) 

In lowest order in the coupling constant {S = 1) we obtain for the T-product of the two vector 
currents 

T{j''{x/2)r{-x/2)) = -i){x/2)-i^'-iSF{x)-i''c''X}i){-x/2) - ^(-x/2)7^i5F(x)7^c''A^V(a;/2) 

+ higher order terms, (2.1.24) 



where 



is the free quark-propagator in the x-space near the light-cone with leading quark mass correc- 
tion. Obviously, the first part in Eq. 1)2. 1.25(1 is the massless quark-propagator. The 5'[/(3)fiavour 
vector 

c« = ( -5^^ + -5"^ + ) (2.1.26) 

V9 6 6^/3 y ^ ' 

determines the flavour content and e denotes the electric charge. Here is a generator of the 
flavour group corresponding to the considered hadron. If we use the Chisholm-identity, 

^t^^^Y = [g^'^g^^ + g'^^g"'^ - g'^'g'^^) 7/? - ie'^'^"^7^7/3, (2.1.27) 

where e^^'^^ denotes the Levi-Civita symbol, we obtain for the massless part 
r(j^(x/2)J^(-x/2)) = ^-^^^^{e/^-/^ (v;(x/2)7S;3A^V(-x/2) + V;(-x/2)7S;3A^^^(x/2)) 

+ \S^^^^ {^{x/2)jpX}i;{-x/2) - i;{-x/2hfsX'}i,{x/2)) } + ..., 

(2.1.28) 

The nonlocal LCE of QCD-operators is given by means of the T-product of two vector 
currents as an integral representation of two auxiliary variables k^: 

T(j^(x/2)J'^(-x/2)) « f'dKi rdK2fc'^(x2,ACi,AC2,/i2)5'^'^"^i„(0^(Ki,A^2)-0^(K2,ACl)) 

- C"''^(x^ «i, «2, /x')i6^""^x„(Of (/^i, K2) + of {k2, ^i))) +... (2.1.29) 
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with the coefficient functions which in Born approximation read: 

C%x\ Ki, K2,^l^) = (27r)2(lt_io)2 ('^('^i - V2)'^(/^2 + 1/2) - S{k2 - 1/2)J(ki + 1/2)) 

Ki, K2,fl^) = ,^ .^f, (b{K^ - 1/2)5(k2 + 1/2) + b{K2 " 1/2)5(^1 + 1/2)) . 

In the flavour non-singlet case 7^ 1, the bilocal operators appearing in the operator- 
product expansion of two electromagnetic currents are the gauge-invariant (vector) quark oper- 
ators: 

OS(k1,K2) = V;(Klx)7aA''[/(KiX,K2x)V'(K2x) (2.1.30) 

OS'5(ki, K2) = V'(Kli)7SaA'^?7(Ki£, K2i)V'('t2x), (2.1.31) 

where A"^ are the generators of the flavour group SUf{N). To guarantee the gauge invariance 
both operators contain the path-ordered phase factor along the straight hne connecting the 
points Kix and K2X 

U{kix,K2x) = PexpS^ig J dri''A/,(rx)| , (2.1.32) 

where P denotes the path ordering, g is the strong coupling parameter and = A^t"" with 
being the generators of 5'f7(3)coior in the fundamental representation spanned by the quark 
flelds ip. 

In the flavour singlet case (Aj = 1), the situation is much more complicated. The quark 
operators (|2.1.30|) mix with operators that are made of two gluon fields (bilocal gluon operators): 

G„/3(ki, K2) = F^P{kix)U''\kiS:, K2x)Flp{K2i) (2.1.33) 

Glp{^l,^2) = F^P{Kii)U''\Kii, K2x)P^p{K2i). (2.1.34) 

Here 

Fap = F^pf" = do^Ap - dpA^ - ig[A^,Apl F^p = \ eo^^^^F'"' (2.1.35) 

is the field strength and the dual field strength of gluons. Additionally, U°-^{kix, K2x) is the 
phase factor (|2.1.32|) in the adjoint representation. It should be noted that these operators are 
a complete set of operators in the massless quark theory ruq = 0. 

Now we calculate the part which is given by the second part of Eq. H2.1.25|) . It is known 
that for niq ^ there appears a further set of gauge invariant operators |88| I96j. If we use the 
relation 

= 5^-+ 1^/^-/5^5^^^, (2.1.36) 

we obtain 

T{J^'{x/2)r{-x/2)) = 

Til C — — 

- 8^2(^2 _^o) K'^ {i^{x/2)\}^l,{-x/2) + i,{-x/2)\Ji;{x/2)) (2.1.37) 

- e^^"^ {^Pix/2)J'a^p\'}^Pi-x/2) - ^(-x/2)7V«^A^V(x/2)) } + ..., 
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and in terms of the nonlocal LCE: 

T{J^'{x/2)r{-x/2)) « (ITT-^ 

1 /•! 



-m, j J ^d/^2(^C^(x^^^l,At2,/x2)5A'-(iV-(/^l,K2)+iV'^(/^2,Atl)) 

+ C?f{x\ Kl, AC2,/x2)i6^'^"/5(Mg,(Ki, K2) - Mg,(K2, K,))^ +... (2.1.38) 

with the coefficient functions: 

C^{x^ Ki, K2,fi^) = (4^)2(||l_-o) (-^(^i - 1/2)5('C2 + 1/2) + 5{k2 - 1/2)5(ki + 1/2)) 

C^^'ix^ Aci, AC2, /i^) = ^4^p("j2_.Q^ (-^lACi - 1/2)5(^2 + 1/2) - 5{k2 - 1/2)5{k, + 1/2)) . 

The additional bilocal operators appearing in the operator-product expansion of two electro- 
magnetic currents are the gauge-invariant quark operators: 

N^iKi, K2) = 4^{ki3:)X''U{kix, K2x)'iI^{k2x) (2.1.39) 

Mg](Ki,K2) = ^(Kii)i7V„^A";7(Kix,K2x)V'(K2x). (2.1.40) 

In the flavour singlet case, the quark operators H2.1.39|) and (|2.1.4U|) which are multiplied by niq 
may be mix with operators that are made of two gluon fields: 

G''^{ki,K2) = F^^^^{kix)U^\kix, K2x)F^^,{k2x) (2.1.41) 

G\^p^{Kl,K2) = F'''^^{Klx)U'''{KiX,K2x)P^]p{K2x). (2.1.42) 

In general, the coefficient functions C"(x^, ki, K2, A*^) and C"'^(x^, ki, K2,/^^) are generalized 
functions. They are determined perturbatively and can be ordered according to their degree of 
singularity at = 0. The Fourier transform Fr(x^, xg^; /i^) of Cr(x^, /i^) with respect to Ki 
are an entire functions of the new arguments xqi |B] according to 

C''{x^Ki,K2,fi^) = j d(^gi)d(ig2)e-*'^i(^-''i)-^'^2(*«2)F'^(x2,(xgi),(xg2),/x') 
C"'5(x2, Ki, K2, A^^) = j d(xgi)d(ig2) e-^'=i(^'''i)-^''2(*92)F'^'5(x2, [xqi), (^^2), /^^). (2.1.43) 
In Born approximation we obtain (choice of the renormalization point of fx^ = Q^): 
F-{x\ (xgi), {xq2),^^^) = ^^^y^2_;QY (^"'^"''^ " 
F-'\x\{xqi),{xq2),li^) = (^^^^'^2 _ io)2 (e^^^^^'^^^ + e'^^^^-^^)) . (2.1.44) 
The range of Ki is restricted to — 1 < < +1. Similar relations exist between F^^x"^ , xq^, fi"^) 

of C'^(x^, Hi] jX^). 

Finally the Compton amplitude for the general case of non-forward scattering is given by 
means of the LCE as follows 

r-(F„F_,0) j dSjjJ^ y_^d„, jj., (2,L45) 

X 



iA+(/ti, K2)e'^""^ia(P2, S2\0f{Ki, K2) + Of{K2, k{)\P^, Si) 
A_(ki, K2)5'^""'^X« (P2, S2|0^(ki, K2) - 0^(k2, Ki)|Pi, 5i> } + . . . , 
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where 



A±(ki, K2) = [6{ki - 1/2)5{k2 + 1/2) ± 6{k2 - 1/2)5(^2 + 1/2)] . (2.1.46) 
2.1.3 Distribution amplitudes 

Distribution amplitudes of hadrons are the key ingredients of the QCD approach of exclusive, 
diffractive, and deep inelastic scattering processes. They provide the universal nonperturbative 
input in physical amplitudes. Accordingly, they have to be addressed using nonperturbative 
methods. 

The parton distribution functions (PDFs) are the DAs in forward scattering processes (DIS) 
and are usually defined by the Fourier transformation of nucleon matrix elements of light-cone 
operators. We begin with the simple case - the chiral-even scalar operators on the light-cone^ 

0°-{kx, -kx) = '4}{kx){x^)\"-U{kx, -Kx)tp{-Kx), (2.1.47) 
0"'^(ra, -KX) = Tp{Kx)-f^{x-f)\"-U{Kx, -Kx)^p{-Kx). (2.1.48) 

In the unpolarized case, the forward matrix element of this operator is given by [JH] (see also 
Section rnjl 

(P|0"(KX,-Ki)|P) =2(iP) Jdze^'""'^^^^ q^z,fi'^) 

= 2(xP)f; ^'^"(^,^))% -(^^). (2.1.49) 



n=0 



Here \P) denotes the nucleon state with momentum P and q"'{z,^'^) is a parton distribution 
function^ which is related to a reduced matrix element q'^{ii^) by means of a Mellin transforma- 
tion, 

ql(^i')= [ dzzV(^,/u'), (2.1.50) 



with respect to the distribution parameter z with — 1 < 2; < 1. This parton distribution function 
is defined through the inverse Fourier transformation of Eq. ()2.1.49() and reads jlU6j 

q^{z,n') = \j ^e-2'-(^^)ig|(P|0'^(Ki,-Ki)|P)|^.=Q.. (2.1.51) 

The factor l/(xP) is due to the structure X7 of the operator 0°'{kx, —kx) in the matrix element 
()2.1.49|) . Physically, this distribution function describes the probability to find quarks with the 
momentum fraction zP in an unpolarized nucleon. For z > (z < 0) it can be interpreted as 
a quark (antiquark) distribution function. The (unpolarized) structure function Pi is given by 
the linear combination of quark and antiquark distribution functions in the following way [201 



Nf 

Fiiz,Q^) = ^J2^-{Q''iz,Q') - q''{-z,Q')). (2.1.52) 



a=l 



^In Section f3.1l we will prove that these scalar LC-operators are twist-2 operators. 

^The PDF (7(2, A*^) is equal to the PDFs of twist-2 h(z,^?) and F'-^'> {z, ^i'^), see Eqs. i'i.iM and ll3.1.43ll . 
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In the polarized case, the forward matrix element of the axial chiral-even bilocal scalar operator 
is given by by jTHj 



{PSp^^^iKX, -Kx)\PS) = 2 {xS) j dze^^'^'^^P^ Aq^'i 



2ixS)J2^^^^^^^1nif^% (2.1.53) 



nl 

n=0 



where S is the spin vector of the nucleon. This parton distribution function^ is defined through 
the inverse Fourier transformation according to 

Ag'^(z,/.2) = 1 J ^e-2-^(^^)lgl(P|0'^(Kx,-^x)|P)|^.=Q.. (2.1.54) 

The factor 1/(55) is due to the structure 7^x7 of the operator O'^'^ {kx , — nx) in the matrix 
element (|2.1.53|) . Physically, this distribution function describes the probability to find quarks 
with the momentum fraction zP in a polarized nucleon. The (polarized) structure function Gi 
is given in terms of quark and antiquark distribution functions as follows [HOI 



Nf 

Gi{z, Q^) = IY1 ea(A(?'^(^, Q') + ^q^i-z, Q^)) . (2.1.55) 



a=l 



Analogously, we may define the scalar meson distribution amplitude (/)"(^, //^) by means of 
the vacuum to meson matrix element of the bilocal operator ^ 



rit^^') = I ^e~'<^'^^^^{0\O^{Kx,-^i)\P)\^2=Q.. (2.1.56) 

Here |P) is the one-particle state of a scalar meson and P denotes the momentum of the scalar 
meson. The meson distribution amplitude is the probability amplitude to find a quark-antiquark 
pair in the meson in dependence of the momentum fraction parameter ^ and the momentum 
transfer Q^. 

Consequently, in the unpolarized case, the nonforward matrix element of the scalar operator 
on the light-cone is given by |l()6j 

{P2\0''{KX,-Ki)\Pi) = {xP+) J dz+J dz_e'^^^^+'++^-'-T{z+,z.,ij^) 

= (xP+) Y^^YD iS^P+r-'"'iS:P~r f^imif^'), (2.1.57) 

n=0 m=0 ^ ^ 

n=0 m=0 ^ ^ 



where 



f = P+Z+ + P-Z- = Pizi + P2Z2 with z± = ]-{z2 ± zi), (2.1.58) 



*Here Aq{z,iJ,'^) is equivalent to the PDFs of twist-2 gi{z,^^) and G'-^\z,fj?), see Eqs. 13.1.511 and 113.1.351 . 
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and = n\ / {n — my.ml is the binomial coefficient. Here /"(z^, 2;_, ;U^) is a double distribution 
function which is related to a reduced matrix element fnmi^^'^) by the help of a twofold Mellin 
transformation , 

fnmif^') = J^'+J dz^zl~"^z"^riz+,z,,f,% (2.1.59) 

with respect to the distribution parameters z+ and z_ and the integration domain is: — 1 < 
z+ < 1, — 1 + |^;+| < Z- < 1 — |z+|. Hence, /^m(/U^) are double moments of the double 
distribution function /"(z^, /x^) which only depend on the distribution parameters and not on 
kinematical factors like P+, P_, etc.. The double distributions are related to the ordinary parton 
distributions. By taking the matrix element (|2.1.57|1 with Pi = P2 = P, we obtain |114| I65 j 

(?'^(z,/i2) = J dz_r(z+ = (2.1.60) 

But on the other hand we may parametrize the matrix element in terms of a skewed parton 
distribution function [HHl Clil 1113 EH] : 

(P2|C'"(kx,-kx)|Pi) = (xP+) J dze'^^^+^ H''{z,f,^^) 

= E^i^P+r^'H^nir,f.% (2.1.61) 



n=0 



where H^{z,f, fj,'^) is the skewed parton distribution function^ and i?"(f, ^u^) are the corre- 
sponding moments which depend on the variable f. By comparing Eqs. H2.1.57|) and H2.1.61|) 
we observe the following relation |114j between the skewed parton distribution ff"(z, f,/i^) and 
the double distribution /"(2;_|_, z_, ^u^): 



Kir,fJ.') = r dzz"i7«(z,f,/i2) = ^ Q^'"/ dz+l dz_zr'"^™r(^+' 



z^,H^) 



(2.1.62) 



Thus, skewed parton distributions are obtained from double distributions after an appropriate 
integration (see Eq. (|2. 1.62(1 '). Additionally, the skewed parton distributions are related to the 
ordinary parton distributions. In fact, we have 

H^z,0,fi^)=q''{z,fi^). (2.1.63) 

Similar relations can be derived for the double distribution function A/'^(2;+, z_, //^), the 
skewed parton distribution H'^{z,f, /jl'^), and the parton distribution Aq"'{z,fi'^) which are cor- 
responding to the axial operators 0°''^{k,x, —kx). 

Let me note that we will discuss double distribution amplitudes as off-cone nonforward 
matrix elements of more complicated operators with definite geometric twist in Section [3.31 



^Ji |83| originally introduced a skewed parton distribution H{z,f, Pi) which depends on the kinematical factor 
P_ . Forming the first moment of this skewed distribution, one gets the sum rule [13: J^j^dzH{z,f, Pi) ^ Fi{Pl), 
where Fi(Pl) is the Dirac form factor. In Section 13.31 we will see that the kinematical factors like Pi are 
proportional to and can be generated through the twist projectors of geometric twist. 
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2.1.4 Anomalous dimensions of QCD operators 

We discuss now some facts about the anomalous dimension of (twist-2) QCD-operators. Physi- 
cally, the Q^-evolution of DAs is governed by the anomalous dimensions, which are determined 
by the renormalization of the corresponding operators. The anomalous dimensions are necessary 
to connect and compare experimental data which are obtained at different values of Q^. 

For simplicity we symbolically use the notation On{x) for any local operator on the light- 
cone (see Section [2. 2p . Here 0^^^{x) denotes the unrenormalized operator and the renormalized 
operator On{x; iJ.^) is given by 

n 

On{x;fi') = (2.1.64) 

n'=0 

where Z„„/(/i^) is the renormalization matrix and /i^ is the renormalization point. The invariance 
of the physics under the choice of the point of renormalization can be characterized by the so- 
called renormalization group equation 

d " 
fx— On{x; fi^) = Y,lnn'{g{fi^))On'{x;fi^), (2.1.65) 

^ n'=0 

where 7nn'(5(/^^)) is the (local) anomalous dimension of the operator On{x; fi^). It is defined by 

d 

Inn'igif^"^)) = Z-^fi—Zmn'ifJ''^)- (2.1.66) 

In this connection, the /3-function is introduced: 

m^^')) = ^^^9i^')■ (2.1.67) 

The scale dependence of the operator is obtained by the solution of the renormalization group 
equation as 



0„(x;Q2) = On'{x;fi^) exp 



n'=0 



(2.1.68) 



The anomalous dimension and the /3-function are calculable using perturbation theory. They 
can be expanded as power series in as 

2 4 

lnn'{9) = -^<n' + (^1^ + ^^.1.69) 

m = - /3° - (yI^ P' + Oii), (2.1.70) 

where the coefficients of the (3 functions are: 

2 38 
/?o = ll--iV/, (3i = 102 --Nf, (2.1.71) 

with the number of quark flavours Nf. 
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If we build the forward matrix element of the local operator, the renormalization group 
equation of the corresponding quark distribution is obtained as (7„ = 7„n) 



(2.1.72) 



In the flavour singlet case, the quark and gluon operators mix with each other under renor- 
malization. The renormalization group equation for the local operators^ 



0„(x) = V5(0)(f7)(xL»r-V(0), 



is given by 



99 QG \ 
^nn' 'nn' \ 
, .yGq GG I 

where the local (one-loop) unpolarized anomalous dimensions are |34j : 



^99 
Inn' 

qG 
I nn' 



Gq 
^nn' 



9 ^ 



9 



1 1 ^1 

2 in + l)n ^ i 

^ ' i=2 

2 



^nn' 



1 



+ 



2 n' 



{n + l)n n — n' n 



o NfTR 7 77 ^ \in^ + n + 2)-{n- n')n 

47r2 ^ {n + 2){n + l)n\} ^ ^ ' ^ > , 



.,GG _ 9 



9 

47r2 

2 



/ 2^ 1^ [("^ + ^ + 2)<5nn' + 2enn'l ' 

n(n^ — 1) L J 



6 n(n-l) (n + 2)(n + l) ' j ' 3Ca 



1^ ^ 



1 , 2iV/r^j 



+ 



2n- 1 



n(n — 1) n — n' 



{n-ri + 2) 



+ 



n(n-l) (n-h2)(n-hl) 



(2.1.73) 
(2.1.74) 



(2.1.75) 



(2.1.76) 

(2.1.77) 
(2.1.78) 
(2.1.79) 



where Cp = {N^ - l)/2iVc = 4/3, Tr = 1/2, Ca = Nc = 3. We used the following notation 

1 for n' < n, 
otherwise . 

The local (axial) operators 



O^(x) = ^(0)7^(x7)(x^)""V(0), 
Glix) = x'^rF/(0)(fB)"-2i?,,(0) 



satisfy the renormalization group equation 



n'=Q \ 'nn' <nn' / ^ n \ ' r~ 



(2.1.80) 
(2.1.81) 



(2.1.82) 



^The local operators are obtained after local expansion of the nonlocal ones (see Section [2.211 . 
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with the local (one-loop) polarized anomalous dimensions |27| : 



'nn' Inn''' 



1 



5 



4^2 

2 



(n + l)n 



1 



^Inn' = 7-9 



47r2 



(n + 2)5, 
4 



n 



+ 



2n - 1 



(n + 1) 
1 



l)n ^ 7 



i=2 



3Ca 



(2.1.83) 
(2.1.84) 

(2.1.85) 
(2.1.86) 



n(n — 1) n — n' 



{n-n' + 2) 



(n + l)n 



The polarized and unpolarized forward anomalous dimensions j7()| I57| [2] are obtained as the 
diagonal elements of Eqs. (m:7H|) - (I^TTni) . (ITmi) - (ITO^ .^ 

The nonlocal anomalous dimensions are obtained from the local ones by means of an inverse 
Mellin transformation. The corresponding nonlocal twist-2 anomalous dimensions calculated in 
the framework of nonlocal OPE are given in Refs. |M1 121123 El HI EH • 



'^This (diagonal) form of the anomalous dimensions is also valid for the so-called conformal operators (see 

Refs. 1501 rrreirrn^rrnsiim 115) 1. 
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2.2 The concept of geometric twist of nonlocal operators 



In this Section we present a straightforward scheme to discuss nonlocal operators with respect 
to definite geometric twist. This method is based by applying the representation theory of the 
Lorentz group. The advantages of this method are: First, the nonlocal operators of definite geo- 
metric twist are Lorentz covariant tensors (contrary to the phenomenological concept of twist). 
Second, this twist decomposition is unique, process- and model-independent. Furthermore, the 
twist decomposition is independent from the dimension 2h of spacetime. Up to now, no clear 
scheme for higher geometric twist was worked out in the literature. 

On the other hand, Jaffe and Ji jZHUZHI proposed the notion of dynamical twist (t) by counting 
powers Q^~^ which is directly related to the power by which the corresponding distributions 
contribute to the scattering amplitudes. Additionally, the dynamical twist is only defined for 
the matrix elements of operators and is not Lorentz invariant. 

If one uses QCD operators with definite geometric twist, the different phenomenological 
distribution functions of definite geometric twist are given as matrix elements of these operators. 
It should be emphasized that the LC operators of definite geometric twist are to be preferred 
also from the point of view of renormalization theory. Therefore, we are using the concept of 
geometric twist instead of dynamical twist. 

2.2.1 The procedure of twist decomposition of nonlocal operators 

This Section is devoted to explain how the QCD operators may by decomposed according to 
their (geometric) twist which is defined 69 : 

twist (r) = canonical dimension (d) — Lorentz spin (j). 

We use the notion of twist because it is a straightforward scheme to classify DAs and, addition- 
ally, operators with equal twist mix with each other under renormalization. 

The nonlocal operators which are relevant for the QCD processes (see previous Section) are 
obtained by the nonlocal LC expansion jGj of the (renormalized) time-ordered product of two 
electromagnetic hadronic currents: 

RT{j^'{y + ^)r{y-^)S) ^ [ d\C^'' k)RT{0^ {y + Kix,y + K2x)S) + ■ ■ ■ , (2.2.1) 

where F = {1, 7^, cx^i/ ; 75 , 7/^75 , cr^iulb} indicates the tensor structure of the nonlocal QCD oper- 
ators. Strictly speaking, the expression in Eq. (|2.2.1() is an operator valued distribution. 

In general, the twist decomposition of an arbitrary nonlocal operator may be formulated for 
any 2/i-dimensional spacetime. Let us denote such operators for arbitrary values of x as follows: 

0^{kix, K2x) = ^'{kix)TU{kix, K2x)^{k2x), (2.2.2) 

where, suppressing any indices indicating the group representations, ^ generically denotes the 
various local fields with a scale dimension^, e.g., scalar (d^ = /i — 1), Dirac spinor (d^ = /i — i) 
as well as gauge field strength {dp = h). The gauge potential has dimension dA = h — 1. 
Furthermore, F labels the tensor structure as well as additional quantum numbers, if necessary. 
Now, the twist decomposition of operators ()2.2.2() consists of the following steps: 

*The scale dimension, of a field <1> is determined from the infinitesimal transformation law under dilations 
at the point t/ = 0: [D, ^(y)]\y^o = ici$ ^(O), where D is the dilation generator. For the unrenormalized operators 
the scale dimension agrees with the canonical dimension. For the renormalized operators the difference from the 
canonical one is called anomalous dimension. 
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(1) Taylor expansion of the nonlocal operators for arbitrary values of x at the point y into an 
infinite tower of local tensor operators having definite rank n and canonical dimension d. If we 
choose the expansion point y = 0, we obtain the expansion: 



0^{kix, K2x) = 



n=0 

oo 



1 



n! 



j/=0 



^l[ci,'(y)r(xBK,^2))"^(y) 



n=0 



j/=0 



(2.2.3) 



with the generalized covariant derivatives 



We introduce, for later convenience, the variables 



(2.2.4) 



K± = 2^'^'^ ^ ^i) with Ki^2 = =F ^- 



and the following derivatives 



(2.2.5) 



(2.2.6) 



wi 



th9 



D^l = ^^ = ^^ + ^^, D^l = D^" = -d^ + + 2igA^'{y). (2.2.7) 
Now we are able to rewrite Eq. 1)2. 2. 3|) in terms of these variables and derivatives according to 



0^{k^x, ac2x) = ^ ^ [<^'{y)Ti^^xD^ + K+xD+r^y) 



n=0 



y=0 



EE 



{n-k)\k\ 



n=Q k=0 

where we introduced the following local operator 

OUy,^) = '^'{y)T{xD+)'{xD^r-'^^y). 



{2.21 



(2.2.9) 



The local operators (|2.2.9|) mix under renormalization for the same value of k. Therefore, their 
anomalous are independent of k [H^. Another possibility of local expansion is to choose the 
expansion point y = k+x. We get 



0^{niX, H2X) = 0^{K-^-X — K+X + K_x) 

=E^c!:fe. 



n=0 



(2.2.10) 



^The derivative d+ is sometimes called "total" derivative 
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with the local operator: 



Ol{y,x) = ^'{y)T{xD^r^{y). 



(2.2.11) 



In this way the variables k+x and 2k^x, respectively, are centre and the relative coordinates of 
the two points kix and K2X. Now we discuss the bilocal operator 0^{—kx, kx) which is centred 
around y = 0. For the local expansion of the "centred" operator we obtain the simpler formula 



0^{-Kx,Kx) = ^ — Ol^{y,x)\y=o, 



n=0 



with the local operator: 



02y,x) = ^'{y)r{xD.r^y). 



(2.2.12) 



(2.2.13) 



Obviously, H2.2.12() is obtained from ()2.2.1U() with = and k_ = k. In the following we 
often use the abbreviation C'Jj(0,x) = ©^(x). Some remarks are necessary with respect to 
these relations. The local operators in Eqs. (|2.2.3() . (|2.2.8|) . and (|2.2.12|1 have to be infinitely 
differentiable with respect to the expansion point y G M^'* and are homogeneous polynomials of 
degree n in x G M?^. Additionally, the operators 1)2. 2.9(1 and (|2.2.13|) have the same anomalous 
dimensions. 

The Fourier transforms of the 'centred' operator 0^{—kx,kx) and its nth moments C'Jj(x), 
i.e., its Taylor coefficients w.r.t. related as follows: 



I 



-IK) 



n=0 



0^{x), 



Qn 



0^(x) = / d>0^ (p) {xpT = (STq-^O' {-kx, kx) 



K = 



(2.2.14) 
(2.2.15) 



For notational simplicity we wrote the Fourier measure without the usual factor l/(27r)^^. 
(2) Decomposition of local operators with respect to irreducible tensor representations of the 
Lorentz group S0{l,2h — 1) or, equivalently, the orthogonal group SO{2h)}^ These represen- 
tations are built up by traceless tensors of rank m [m = n + number of indices of F) whose 
symmetry class is determined by some (normalized) Young operators y^m] = {f[m\/^^-)Q'P^ 
where [m] = (mi,m2, . . .m^) with mi > m2 > • . . > rrir and Yll=i mi = m denotes the cor- 
responding Young pattern. V and Q, as usual, denote symmetrization and antisymmetrization 
with respect to that pattern. The allowed Young patterns for S0{2h), which because of the 
tracelessness are restricted by ^1+^2 ^ 2/i (i: length of columns of [m]), are for a fixed value of m: 



(i) 
(ii) 



j = m,m — 2,m — 4, . . . 
j = m — 1, m — 2, m — 3, , 



(iii) 



j = m — 2, m — 3, m — 4, . . . 



The corresponding representations are related through analytic continuation, cf. |2UI 11211 
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(iv) 



m 



2, m — 3, m — 4, 



(Here, we depicted only those patterns which appear for /i = 2 where ii + £2 < 4.) Loosely 
speaking, the lower spins in the above series correspond to the various trace terms which de- 
fine, in general, reducible higher twist operators. These higher twist operators again have to be 
decomposed according to the considered symmetry classes. For more details see Appendices 1X1 
and El 

Now, two remarks are in order. At first, this decomposition of the local operators appearing 
in 1)2. 2. 3|) into irreducible components is independent of the special values of ni, ^2- Furthermore, 
the totally symmetric indices of irreducible local tensor operators are multiplied by x^^ . . . x^" 
in order to obtain harmonic (tensorial) polynomials of order n. Obviously, in this turn we use 
the vector x as a device for writing tensors with special Young symmetry in analytic form (see 
Section 

A local operator without definite twist and spin is given as a finite sum of local operator 
with definite geometric twist, 

Orniy,x)= cS^'"'(x)OP„,(y,x), (2.2.16) 

where cfj^ " (x) are coefficient functions depending on and Xa etc.. The local operators of 
geometric twist can be written 

o'fliy,x) = V^f^'''Or'niy,x), (2.2.17) 
(rir) X = (2.2.18) 

(t) 

where V^nr'n' orthogonal projectors of definite geometric twist and definite spin, respec- 
tively. These projectors are given in terms of x^, □, Xq, da etc.. It is obvious that the twist 
decomposition corresponds to a Lorentz spin decomposition of the local operator. 
(3) Resummation of the local operators 0^l^{y,x) belonging to the same symmetry class (for 
any n) and having equal twist r. That infinite tower of local operators H2.2.17|) creates a nonlocal 
operator of definite twist, 

0'f\Kix,K2x) = 0^oK(y,x)|j;=.+.. (2.2.19) 

n=0 

Obviously, from a group theoretical point of view, this nonlocal operator is built up as direct 
sum of irreducible local tensor operators which have the same twist but different Lorentz spin. 
In fact, the nonlocal operator H2.2.19|) has no definite Lorentz spin because it is an infinite 
tower of local operators with definite Lorentz spin. Therfore, the notion of geometric twist is a 
well-defined concept to classify nonlocal operators. The nonlocal operators 0^\kix,K2x) are 
harmonic tensor functions and they are given by 

oP{kix,K2x) =V^''fOr'{Kix,K2x), (2.2.20) 

(rir) X ^ ^rr'^{r)r'^ ^2.2.21) 
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where "Ppp/ are orthogonal projection operators of definite geometric twist for the nonlocal 
operators. 

Now, putting together all contributions, i.e., including the higher twist contributions resulting 
from the trace terms, we get the (infinite) twist decomposition of the nonlocal operator we started 
with: 

oo 

Or{Kix,K2x)= cP^'{x)oP{kix,K2x), (2.2.22) 

^ '^min 

where Cp (x) are the coefficient functions of the nonlocal operators with geometric twist which 
are obtained from the coefficients c^J^ " (x). 

(4) Finally, the projection onto the light-cone, x ^ x, leads to the required light-cone operator 
with well defined geometric twist. However, since the harmonic tensor polynomials essentially 
depend on (infinite) sums of powers of x^ and □ as well as some specific differential operators 
in front of it, in that limit only a finite number of terms survive: 

Or(Kix,K2x) = cP^\x)OP{nii,H2i) . (2.2.23) 

— ''"mill 

The resulting light-ray operators of definite twist are tensor functions on the light-cone which 
fulfill another kind of tracelessness conditions to be formulated with the help of the interior (on 
the cone) derivative (see AppendixEl). Let us remark that step (3) and (4) can be interchanged 
without changing the result. 

2.2.2 Transformation properties of (non)local operators with definite geo- 
metric twist 

Because the notion of geometric twist is related to (j, d) of the group S0{1, 2h — l)x M+, where 
M+ is the group of dilations, it is useful to give the transformation rules of the (unrenormalized) 
nonlocal operators with respect to this group. We induce the transformation rules of the nonlocal 
operators from the transformation properties of local fields which are given in [47\ I48j . Let 
0^^{y,x) be the local operator of geometric twist r. 

The transformation properties of these local operators are |471 148j 

a) Poincare transformations: 

U{a,A)0^^^{y,x)U-\a,A) = Frr'(A)o£(A-i(y - a), A'^x), a e A e S0{l,2h - I), 

(2.2.24) 

where V{A) is a finite dimensional representation of the Lorentz group. 

b) Dilations: 

?7(p)0S(y,x)?7-i(p) = /0S(py,x), p > 0, (2.2.25) 

where d is the (scale) dimension of the local operator (in mass units). From group theoretical 
point of view, the anomalous dimensions do not destroy the invariance under dilations, they just 
change the representation with respect to the dilation group |45j . 

The transformation properties for the nonlocal operators are 
a) Poincare transformations: 

U{a,A)0'f\y -x,y + x)U-\a,A) = Vrr'iA)OP {A'^y - a - x),A-\y - a + x)), (2.2.26) 
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b) Dilations: 



U{p)OP{y -x,y + x)U-\p) = p''oP{p{y - x), p{y + x)). (2.2.27) 

Let us point out that in the case of nonlocal operators, i.e., for an infinite series of local ones, 
we deal with an infinite-dimensional representation of the dilation and the Lorentz group. Ob- 
viously, the translation U{a,0) = e~'"'^ with = i-^ just shifts the expansion point y by the 
vector a. If we had chosen a = x, the twist of these operators would be not invariant under 
this translation, because the differential operators for definite twist do not commute with x. 
For the non-forward matrix element of an uncentred operator with definite twist we obtain the 
relation to the corresponding centred operator as follows 

{P2\Oi^\KlX,K2x)\Pl) = {P2\OP {k+X - K^X, K+X + K^x)\Pi) 

= pWr' |e'«+(^^-)(P2|Or'(-K-x,K-x)|Pi)} . (2.2.28) 

We see that the twist projector acts on the factor exp(iK-|-(xP_)) in Eq. H2.2.28() . In the forward 
case (Pi = P2) this factor gives no contribution due to P- = 0. 

Let me mention that it is possible to construct conformal operators with geometric twist 
which carry elementary representations of the conformal group SO{2,2h). The condition of 
conformal invariance is given by the infinitesimal transformation law under special conformal 
transformations at y = 0: 

[k,,0^^^{y,x)]\y=o = 0, (2.2.29) 

where is the generator for special conformal transformations |45( I85| I54j . The conformal 
LC-operators with minimal twist t = 2h — 2 are |45| : 

Ot{y,x) = (x9+)Xy)C^3/2(x^)_/x5+)(/>(y), (2.2.30) 
Ot{y,x) = {xd^T~^i,{y){x^)ct\'\xD^/xd+)m, (2.2.31) 
Of(y,x) = (x9+)"-2x'^F7(y)C^+2'^2(^^-/^5+)^;.(y)^^- (2-2.32) 



^^The total derivative d+ is related to translations in the following way: [P,0^^{y,xy\ = \d+0^^{y,x) 
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Chapter 3 



Application of the twist 
decomposition to different aspects of 
the hadron phenomenology 



3.1 Quark distribution functions of definite geometric twist 

The aim of this Section is to present new forward quark distribution functions which are related 
to the nonlocal LC-operators of different geometric twist. In that framework, it is possible 
to investigate in a unique manner the contributions resulting from the traces of the operators 
having well-defined twist. In addition, the classification of the various distribution functions 
appears to be quite straightforward. 

The definitions of geometric and dynamical twist do not coincide at higher orders. Thus, 
the definition of dynamical twist has a mismatch with the conventional definition of geomet- 
rical twist. This mismatch gives rise to relations of Wandzura-Wilczek type which show that 
dynamical twist distributions contain various parts of different geometric twist. 

3.1.1 Quark distribution functions of definite dynamical twist 

Quark distribution functions are usually defined as the forward matrix elements of bilocal quark- 
antiquark operators. Jaffe and Ji [781 1791 observed that one can generate all dynamical quark 
distribution functions up to (dynamical) twist-4 by decomposing the bilocal operators into in- 
dependent tensor structures of their matrix elements. To implement the light-cone expansion in 
a systematic way, it is convenient to use light-like vectors. Using the relations (|2.1.4|) . one may 
introduce light-like vectors pa and Xa with 






according to (see Eq. H2.1.17|) with pa = Pa/M and = 1) 




1, M2 



(3.1.2) 



The spin vector of the nucleon can be decomposed as 




(3.1.3) 
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where is the transversal spin-polarization {xS-^ = 0). Some useful scalar products are 

xP = xp= JixPf - x2M2, pS = —iS. (3.1.4) 

2{xp) 

Accordingly, one finds nine independent quark distribution functions associating with each 
tensor structure. Using the Lorentz-tensor decomposition of the matrix elements of the gauge- 
invariant bilocal quark-antiquark operators 1)2.1.31(1 . H2.1.3U|1 . (|2.1.4U|) . and (|2.1.39|) . the defini- 
tions of the chiral-even quark distributions are:^ 



(P5|05a(KlX,K2x)|P5) = 2 



. xP Jo Jo 

xS 
JP) 



and 



{P\0a{KiS:,K2i)\P) 



Jo xP Jo 



(3.1.5) 



(3.1.6) 



while the chiral-odd quark distributions are defined as 



{P\N{Kix,K2x)\P) = 2M C dze'^'^^^\{z,f?), (3.1.7) 

JO 



and 



{PS\M^y^p^{nix,K2x)\PS) = ^ 



SLpp] /'dze-^(*^)/ii(z,//2) (3.1.8) 
Jo 



2\ 



These distribution functions are dimensionsless functions of the Bjorken variable which we here 
denote by z. Additionally, they depend on the renormalization point ii^ as well because the 
bilocal light-cone operators on the l.h.s. are renormalized at fi"^. We defined k = ki — K2. 

In Tab. 13.11 the classification of these dynamical quark distribution functions according to 
their spin, dynamical twist and chirality and the relation to the geometric twist (see Section r3.1.4|) 
are given. The parton distributions in the first row are spin-independent, those in the second 
and third row describe longitudinally (Sy) and transversely {S±) polarized nucleons, respectively. 
The underlined distributions are referred to as chiral-odd, because they correspond to chirality- 
violating Dirac matrix structures T = {icTQ^75, 1}. The other distributions are termed chiral- 
even, because of the chirality-conserving structures F = {'ja, ToTs}- 

The nucleon (spin-1/2 hadron) has thus three independent dynamical twist-2 quark distribu- 
tions /i, gi, and hi. These distributions have a simple parton model interpretation and appear 
as a leading contribution to various hard inclusive processes. For example, gi measures the 
quark helicity distribution in a longitudinally polarized nucleon and is called the helicity distri- 
bution. The both distributions /i and gi can be measured through deep inelastic lepton-nucleon 
scattering (DIS). The function hi appears as a leading contribution to the transversely polarised 

'^Here we suppress the flavour index. 
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Twist t 


2 3 4 
0(1) 0(1/Q) 0(1/Q') 


spin ave. 

s± 


/i = F(2) e = ^(3) /4 = F(4)/2 + F/(F(2),f(4))/2 
5i = G(2) hL = H^^) + Fl{H^^Ih^^)) 53 = -G(4V2 + i^g(G(2),G(3),G(4))/2 



Table 3.1: Spin, dynamical twist and chiral classification of the nucleon structure functions. 



nucleon-nucleon Drell-Yan process. This distribution measures the probability to find a quark 
with spin polarized along the transverse spin of a nucleon minus the probability to find it po- 
larized oppositely and was called the transversity distribution in Refs. 78 , 79 . Additionally, 
the nucleon has three dynamical twist-3 distributions gx, h^, and e. Physically higher-twist 
distributions represent complicated quark-gluon correlations in the hadrons and cannot be in- 
terpreted in a simple parton model. Therefore, higher- twist or multiparton distributions are 
useful to probe quark-gluon dynamics as well as nonperturbative aspect of QCD. The distri- 
butions gx and hi are contributions to proper asymmetries in polarized DIS and Drell-Yan 
processes, respectively. The direct measurement of e seems very difficult |79j . The dynamical 
twist-4 distributions represent rather complicated two-quark-one-gluon, two-quark- two-gluon, 
and four-quark correlations so that they are very difficult to handle with. However, in principle, 
/4 and /13 are observable in unpolarized DIS and polarized Drell-Yan processes, respectively [TH] . 
Up to now, no measurement of 53 is known in the literature. 



3.1.2 Twist decomposition of bilinear quark operators 

In order to be able to classify the quark distributions with respect to geometrical twist, we 
have to use the corresponding operators with geometric twist. Now we apply the bilocal 
quark operators on the light-cone and the derived scalar and vector operators, 0(5)(ft;ix, K2x) = 
x"0(5)q,(kix, K2x) and M(5)o(Kia;, ^2^) = 2;^-^(5)[a/3] (^i^J, K2x), respectively. 

The resulting decomposition for the vector and skew tensor operators - which is independent 
of the presence or absence of 75 - reads :^ 



0{kix, 


K2X) 


= X''0^^^{KIX,K2X), 


(3.1.9) 




K2X) 


= O'^^Kii, K2X) + O'^^KlX, K2X) + 0*"'^(kiX, ^2^), 


(3.1.10) 


M[al3]{KlX, 


K2X) 


= Mg;|(/€iX, K2X) + Mf|(KiX, K2X) + Mg](KiX, K2x) , 


(3.1.11) 


Ma{l^lX, 


K2X) 


= M^^'^{ki3:, K25:) + M*™2(kix, ks^). 


(3.1.12) 


N{kix, 


K2X) 


= iV*^^(Kii,K2x) 


(3.1.13) 



^The explicite twist decomposition of these light-cone operators will be computed in Section 14.21 (see also 
Ref. |ti3|l. The twist decomposition of off-cone operators wiU be discussed in Sections 14. II and 14.41 
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with 



0^^'^{kix,K2x) = dx(da + l{lnX)xc,a^x''0f,{KiXx,K2Xx)\^^, (3.1.14) 

0^^^{ki3:,K2x) = J dx(^6^{xd)-x>'da-{l + 2lnX)xad'' -{lnX)xax''\J^0^{KiXx,K2Xx)\^^. 

(3.1.15) 

0^^^{kix,K2S:) =Xc, I dA(^(l + lnA)a^ + i(lnA)x^n)o^(KiAx,K2Ax)|^^. (3.1.16) 

J 

Mf|(Kix,K2x) = j\x{2Xd[p6^^^ - (1 - A)(2x[,a^]9'^ - X[„,5^]n)}x^A%,](KiAx,K2Ax)|^^- 

(3.1.17) 

Mf|(Ki5, K25) = dx{x{{xd)5'(p - 2x'^a[^)5^] + ^ {x[^{S^^^{xd) - x[^9^])5^1 

■/ 

-X[,(^J;x^ln -X[„9^]x[^a'^])}Af[^,](ACiAx,K2Ax)|^^- (3.1.18) 



= dAi^{x[,<^[';x'^ta-2x[45j;(xa) -x['^a^])5^l}M[^,](ACiAx,K2Ax)|^ 

(3.1.19) 

M^^{kiX,K23:) = Ma{KiX,K2x) - Xad'' [ dA A M^(kiAx, K2Ax) | ^- (3.1.20) 
M*™3(^^^^^25) =x„a^ / dAAM^(KiAx,K2Ax)| (3.1.21) 

JO 

Let us remark that the (axial) vector and skew tensor operators of twist r, 0^^}^^{kix , K2x) 

and M^^J^I^^j (kix, ^2^)) are obtained from the (undecomposed) operators 0(5)q(kix, K2x) and 

M(5)[q^] (kix, K2x) by the apphcation of the twist projectors on the hght-cone Va'^^ and T'l^'jjl^'^^ 
(see also Eqs. fTT^ and fTTm ) defined by Eqs. I^TTm - (irTTTHl and (|m71) - (jSHnj), 
respectively: 



OllUmX, K2X) = (T'(")^0(5)^)(kiX, K2x) (3.1.22) 



M, 



(5) 



(5) [a/3] 



(kix,K2x) = (7^[„^] 'M(5)[^,,])(kix,k;2x) (3.1.23) 

m(J))JkiX, K2x) = (P{;))^M(5)^)(KiX, ^2X). (3.1.24) 

The twist-2 vector and skew tensor operators, Eqs. (|3.1.14|) and (|3.1.17j) . are related to the 
corresponding scalar and vector operators, H3.1.9() and ()3.1.2U() . respectively, in group theoretical 
way. 

Here, we give the corresponding local expressions of the nonlocal operators, Eqs. (|3.1.9j) - 
()3.1.21|) . The relation between the local and nonlocal operators are 

°° °° 

Oa{KiX,K2x) = '^^Oan{y,x)\y=K+x, M[„^] (kiX, K2x) = ^ M^^p-^^XV i x)\y=K+x- 

n=0 ' n=0 
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The expressions for the local operators are: 

O'^^^iy^x) = x^^0^n[y,x) = ^iyhHlx){xDr^iy) (3.1.25) 

0'Z\y,3:) = ^{d^ - 2(;^x„n)0„+i(y,x)|^.^- (3.1.26) 

O'ZHy^x) = ^{n6^!, - x^d^ - ^x^in - l)d^^ - x^D))o^n{y,x)l^- (3.1.27) 

0'Z\y,3:) = (;^x,(na^- ix^n)0^„(y,x)|^^- (3.1.28) 

^&]n(y,5^) = ;iT2{2V'] - ;ITt(2^[«^/^1^" - X[j;p)}M,^+,{y,x)l^^ (3.1.29) 

- xi^a^pI^S-^l) } Af[Hn(y, 2;)!^^- (3.1.30) 

= Man+i{x) -^Xad^'M^n+i{y,x)\^^- (3.1.32) 

= ^x^d^M^^+i{y,x)\^^. (3.1.33) 

iVr3(y,5;) = V^(y)(iB)Xy). (3.1.34) 



The twist projectors of the nonlocal as well as local LC operators can be formulated in terms of 
inner derivatives on the light-cone (see Section 14.11 and Ref . |6Bj ) . 

3.1.3 Forward matrix elements of LC— operators with definite geometric twist 

Now, we define the (polarized) quark distribution functions for the bilinear quark operators with 
definite twist. As usual, the matrix elements of the nucleon targets, U{P, S)^^^U{P, S) = 2P^ 
and U{P, S)'y^j^U{P, S) = 2S^, are related to the nucleon momentum P^ and nucleon spin 
vector Sfj_, respectively. Here U{P, S) denotes the free hadronic spinor. 

Let us first consider the chiral-even pseudo scalar operator in the polarized case. The (for- 
ward) matrix element of this twist-2 operator, Eq. (|3.1.9j) . taken between hadron states \PS) is 
trivially represented as 

{PS\0'^\kix,K2x)\PS) = 2{xS) dz G(^)(z, /i^) e'"^(^'^) = 2(^5) V ^^""^^f^^" G^^\fi^). 

(3.1.35) 

Here, G^^\z,n^) is the twist-2 parton distribution function which by a Mellin transformation is 
obtained from the corresponding moments 

G(f)(/x2)= rdzz"G(2)(z,/x2). 

Jo 

Now we consider the chiral-even axial vector operator. Using the projection properties 
(|3.1.22j) . we introduce the parton distribution functions G^'^\z,fj,'^) of twist r by 

{PS\0^;J{k^x,K2x)\PS) ^ (PS|(pW^0g)(Kix,K2x)|P5) 

= Vj^^'^(2Sp dzGM(z,/i2)e^'="(^^)). (3.1.36) 
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For r = 2 this is consistent with (|3.1.35|) . it reads 



{PS\0'^^{kix,K2x)\PS) = 2 [ d\\da + lH^)xaa\{xS) [ dzG^'^\z, 

Jo L 2 } Jq 



_^2)giKA.(xP)| 



Using the projection operators as they are determined by Eqs. (|3.1.14|) - (|3.1.16() we obtain 
(from now on we suppress 



{PS\0^^^{kix,K2x)\PS) = 2 dX dzG^'^\z)\Se, + iKXzP^{xS), 



+ :^{xS)M\iKXzy{\nX) 



{iK{xP)y 



n=0 



" In + l 



xPJ 2(n+l)2 "(xP)2 



(3.1.37) 



{PS\Off{Kix,K2x)\PS) = 2 dX dzG^^\z)\(Sa{xP) - PaixS))iKX 



XaM^{iS){iKXzY In X 



^iKXz{xP) 



■"^ n! L n + 1 V x 

n=l 



xS 

p 



n(n — 1) , xS ,^n-| 



(n + l)2 "{xPy 



(3.1.38) 



{PS\0'^J'{Kix,^2x)\PS) 



dX 



dz G(^) (z) \xa{xS)M^ {iKXzf In A 



-^iKXz{xP) 



n=2 



(iK(xP))" ^(4) ra(re- 1) ^^^2 



n! 



(n + l)2 "(xP) 



(3.1.39) 



In the first expression of any equation we have written the nonlocal LC-operators of definite 
twist, and in the second line, after expanding the exponential, we introduced the moments of 
the structure functions. The local twist-2 and twist-3 matrix elements of traceless operators 
are given off-cone in Refs. |521 llU5j for n < 3 and in Refs. |11UI I26j for any n. Obviously, the 
trace terms which have been explicitly subtracted are proportional to M^. According to the 
terminology of Jaffe and Ji, they contribute to dynamical twist-4. For the twist-2 operator we 
observe that the terms proportional to 5^, Pa and Xa have contributions starting with the zeroth, 
first and second moment, respectively. The twist-3 operator starts with the first moment, and 
the twist-4 operator starts with the second moment. Analogous statements also hold for the 
twist-r operators below. 

Putting together the different twist contributions we obtain, after replacing inXz{xP) by 
Xd/dX and performing partial integrations, the following forward matrix element of the original 
operator {C, = k{xP)) 

{PS\0^a{^^ix,K2x)\PS) = 2Pa^ j\z(G^''\z) - G(3)(z))[eo(iCz) -ei(iCz)] (3.1.40) 

"dz(G(2)(z)ei(iCz) + G(3)(z)[eo(iCz) -ei(iCz)f 
\z(g^'^\z) - 2G(3)(z) + G(^)(z)^ 



2Sa 



Xry 



{xpy 



eo(iC-z) -3ei(iCz) +2 / dAei(iCAz 
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where we introduced the following "truncated exponentials" 

eiC^ - 1 



eoiKz) 



f 

Jo 



en+ii}C,z) 



(-1) 



n n 



dA A" 

(3.1.41) 



As it should be the application of the projection operators Va^^ onto 1)3. 1.40(1 reproduces the 
matrix elements (|3.1.37|) - (|3.1.39|) . In comparison with the dynamical distribution functions we 
observe that the geometric distribution functions are accompanied not simply by the exponen- 
tials, eo{\C,z), but by more involved combinations whose series expansion directly leads to the 
representations with the help of moments. 

Now we consider the chiral-even vector operator Oainix, K2x), which obeys relations Eqs. (j3.1.9|) 
- H3.1.16() . as well as ()3.1.22|) with the same projection operator as the axial vector operator. 
Let us introduce the corresponding parton distribution functions F^'^'> (z) of twist r by 

(P5|OW(kix,^C2x)|P5) =p(")^(2P^^'dzFM(z)e'"^(*^)). (3.1.42) 

Again, this is consistent with the definition of the unpolarized distribution function F^'^^ (z) by 
the matrix element of the corresponding twist-2 scalar operator 

(P|0**2(kix,K2x)|P) = 2(xP) /'^dzF(2)(^)eiMiP) = 2(xP) V ^'""^""f F^^). (3.1.43) 
The forward matrix elements of the vector operators of twist r are obtained as follows: 



{P\0^^^{ki3:,K23:)\P) = 2 dX dz F^^\z)\Pc,{l + iKXz{3:P)) 



(P|07^(ACii,AC2i)|P) 



+ XaM'^inXz In A (^1 + -i«;A2;(xP) 

- (iK(xP))" (,,f n 
^2^ n\ 2(n + l) "xPJ' 

n=0 ^ ' 

-2xaM^ dX dz F^^\z)iKXz (^1 + 2 In A) 
+ iKAz( In A) (xP) ] e'^^^i^P) = , 



(3.1.44) 



(3.1.45) 



{P\0^^^{Kix,K2x)\P) = -2xaM^ [\x C dz F^^\z)mXz (lnA)(l + -iKAz(xP))e^'"^^(^'^) 

Jo Jo V 2 / 



E 

n=l 



(iK(xP))' 



n 



" (n + 1) °xP' 



(3.1.46) 



The off-cone traceless local twist-2 matrix element has already been obtained in |711l58j . The 
vanishing of the twist-3 distribution function P^^^(z) which follows here by partial integration 
proves in the nonlocal case have already proven for the local twist-3 operator by Jaffe and Sol- 
date [73]. The trace terms of the twist-2 operator and the twist-4 operator itself both contribute 
to dynamical twist-4 and, consequently, to the same l/Q^ -behaviour in the cross section. 
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Putting together all the contributions of different twist and performing partial A-integrations, 
we obtain the following representation for the forward matrix element of the original operator 

{P\0^{Kix,K2x)\P) = 2P„y dzF(2)(z)eo(iC^) -5a— y dz[F^^\z) - F^^\z)) 

X [eo(iC^)-ei(iCz)]. (3.1.47) 

Let us now consider the simplest bilocal scalar operator, N{kix, K2x) = N^""^ {kix , K2x) , which 
is trivially a twist-3 operator on the light-cone. Its matrix element arises as 

{P\N{Kix,H2i)\P) =2M [\z E^^\z) e'"'^^^'^ = 2M V ^'"^^^f ^^^^ (3.1.48) 

^0 n=0 



where E^^\z) is another spin-independent twist-3 structure function. 

Now, we calculate the matrix elements of the chiral-odd vector operators. In fact they may 
be obtained from the chiral-odd skew-tensor operator by contraction with xp (see Eq. (|3.1.12|) ). 
This also determines the corresponding structure functions which are introduced by 



(P5|MM^,(^i5,^25)|P5) = ^^[Sf'^^ / dzH(^\z)e 



iKz{xP) 



(3.1.49) 



Applying the same procedure as above we obtain 



^iKz{xP) 



{PS\MIZ^{K,X,K2X)\PS) = dzH^^\z) (^SaixP) " Pa{xS) 

+ ia{3:S)M^ C dAiKzA^e"'^"^*^) 

JO 

f; ^^^^^f^" g(^){5a(xP) - P^{xS) + 

n=0 

-2 j^dX [ dzH^^\z)\xa,{xS)Mmz\^ 

oo 



(3.1.50) 



2 

M 



{PS\MZr{^^lX,K2x)\PS) 



n + 2 xP 

\k\z{xP) 



n=l 



n + 2 xP 



(3.1.51) 



The twist-2 part is in agreement with Jaffe and Ji's local expression (see Eq. (45) in [79j ) and 
also with t94_. Adding up both local terms the matrix element of Mq,(kix,K2x) coincides with 
the corresponding one of its nonlocal version reads: 



iz)eo{iCz) 



(3.1.52) 



{PS\M5aiKlX,H2x)\PS)=^(^SaixP)-Pa{xS)) ^ dzF^'^ 

+ x^^M j\z{H^^\z) - H^^\z)) (eo(iC^) +2e2(iC^)). 

Obviously, the twist-2 distribution function H'^'^^ {z) and the twist-3 distribution function H^^^ {z) 
contribute to the same l/Q^-behaviour of the cross section. A similar nonlocal twist-2 matrix 
element (modulo correction of the trace term) has been given in j92j . 

Now, we consider the more complicated chiral-odd skew tensor operator. Let us note that 
Jaffe and Ji have not considered the matrix elements of the traceless skew tensor operator. 
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They have just used the corresponding traceless vector operator in their investigations. We 
obtain the matrix elements of the skew tensor operators of twist r by using the projectors 
determined by Eqs. (IH.I.ITjl - (IH.I.iyi) and Eq. (i:-{. 1.491) : 

(P5|Af*|;2^](Kix, K2X)\PS) = dA^' dzH(^\z) [2A5[,P^] (2 + iKAz(xP)) 

+ (1 - A) m2x[„{4Mz)5^] + (iKAz)2(S^](xP) + P^](x5))}]e-^^(^^), 
_ 2 f^ MxP))" I 4n 



ri=0 



n(n-l) M"^ / xS\^ 
+ (n + 2)(n+l) ^p"l°(''^l + ^^llp)}- P-''^^* 

(P5|M*g3](Kix,K2i)|P5) = -2 / dA^— / dziKXzH'^^\z)Mx[^\^Sf3] + iKXzPf^]{xS)j 

X e''^^^(*-P), (3.1.54) 

n! n + 2 xP ^ V ' ^'xF/ 

n=l 

(P5|M*g3j(Kix,K2x)|P5) = -2j\\^^j\z {\\KzfH^'^\z)Mx^^[Sp^{xP) - Pp^S)] 



n=2 



^ ^iKXz{xP) 

^(iK(xP)r (4)n-lM / x5x 



Again, the moments of distributions functions of twist r = 2, 3 and 4 begin with n = 0, 1 and 
2, respectively. In addition, we remark that only those terms of the operator ()3.1.18|) contribute 
to the twist-3 structure function which result from the trace terms of ()3.1.17p . Analogous to 
the vector case the forward matrix element of the 'true' twist--3 part of (|3.1.18j) vanishes. In 
Eq. ()3. 1.55(1 only the twist-4 operator contributes which result from the trace terms of (|3. 1.17(1 . 
Let us also mention that after multiplication of ((3.1.55(1 with Xa (or X[^) the matrix element van- 
ishes because the corresponding vector operator does not contain any twist-4 contribution. This 
is a simple but important property which may be traced back to the fact that the corresponding 
Young pattern [n + 2] = (n, 1, 1) does allow only n symmetrizations; it is therefore characteristic 
for any twist-4 skew tensor operator. 

The matrix element of the original skew tensor operator is obtained as 

4 

(P5|M5[,^](kix,K2x)|P5) = — S[„P^] dzH^^'^ {z)eo{Kz) (3.1.56) 
+ 2x[,P^]^^M^' dz[H^'Hz) [eoiKz) + 2e,{iCz) + 6e2{Kz)] 
- P'(3)(z) [1 + 2eo(iC^) + Ge2{Kz)] + H^^\z) [l + eo(iC^) - 2ei(iCz)] } 

+ 2x[,5^]^ ! dz|p'(2)(z)[eo(iCz)-2ei(iCz)-2e2(iC2)] 
Jo ^ 

+ H<^3){z)[l + 2e2{iCz)]- H^^^ {z)[l + eoiKz) -2e, {Kz)] } . 
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3.1.4 Relations between quark distribution functions of dynamical and geo- 
metric twist 



Obviously, since the geometric twist distribution functions are related to traceless operators 
they differ from the dynamical distribution functions. As far as the scalar LC-operators are 
concerned which definitely are of twist-2 the new and the old distributions functions coincide. 

In order to be able to compare dynamical and geometrical distribution functions, we rewrite 
the matrix elements (|3.1.4n|) , (|3.1.47|) and (|3.1.56j) in terms of Pa and . Using this parametriza- 
tion we obtain for the chiral-even quark distributions 



X S 

{PS\0^a{l^lX,K2x)\PS) = 2pa — 

xP 



dzG^^'\z)eo{iCz) 



(3.1.57) 



dz 



{G(2)(z)ei(iCz) + G^^Hz)[eo{Kz) - ei(iC^)]} 



xS 



'^{xpy 



dz|G(^)(z) eo(iC2) -3ei(iC^) + 2 ^ dAei(iCAz 
-1 



and 



-G(2)(z) ei{iCz)-2 J dAei(iCAz) + AG^^^^z) eiCiQz) - j dAei(iCAz) } 

{P\0^{Kix,K2x)\P) = 2p^ [ dzF^^\z)eo{Kz) 

Jo 



+ Xc 



JP 



dz 



[F^^\z)eoiKz) + [f(2)(z) -FW(z)]ei(iCz)}, 



while the chiral-odd distributions are given by 



and 



{P\N{kix,K2x)\P) = 2M / dzE^^\z)eoiiCz), 



z)eoiKz) 



(3.1.58) 



(3.1.59) 



{PS\M,^^p^iK,x,K2x)\PS) = ^S^^pp^ j\zH^^\ 



(3.1.60) 



+ 2^[aP/3]^^M dz[AH^^\z)e2CKz)-2H^''\z)[eo(:Kz) + 2e2{Kz)]] 



2x\^S 



M 



^^xPJo 



dz{2H^^Hz) [ei(iCz) + e2{Kz)] - H^^\z) [l + 2e2{Kz)] 
+ H^^\z)[l + eoiKz)-2eiiiCz)]]. 



Let us note that after multiplication of (|3.1.6U() by x^ (or x^) the last part of the matrix element 
vanishes. This means that the dynamical twist-4 function h3{z) can be ignored in the case 
of the vector operator M^a{Kix,H2x) but not in the case of the more general tensor operator 

M5[a,f3]{KlX,K2x). „^^^^ „^^^ „^^^ 

From the expressions ()3. 1.57(1 - (|3.1.6U|) and (|3. 1.5(1 - ((3.1.8(1 it is obvious that the conven- 
tional structure functions of twist t>2> contain contributions also of lower geometric twist. By 
re-expressing the truncated exponentials and performing appropriate variable transformations 
or using the local expansion of the bilocal operators, we obtain the following relations, which 
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give the relations between the distributions of geometric and dynamical twist. The dynamical 
twist distributions are given in terms of geometrical twist distributions as follows: 

ffi(z) = G(2)(z), (3.1.61) 

griz) = G('\z) (g^^) - G^^A (y) , (3.1.62) 

J z y 

2g,{z) = -G(^) {z) + /' ^{ - 4G(3) + 3G(^)) {y) 

J z y 

+ 21n (^) - 2G(3) + (y) }, (3.1.63) 

h{z) = F^^\z), (3.1.64) 

2U{z) = F(^\z) + - F(4)) (y) , (3.1.65) 

Jz y 

e{z) = E^^\z), (3.1.66) 
hi{z) = H^'^\z), (3.1.67) 

/il(z) = H^^\z) + 2z J' ^{h^^^ - H^^^) (y) , (3.1.68) 

2hs{z) = H^'Hz) + ^{2[h(') - (y) - 2^ - (y) 

-5(^)(i^(3)-i^(^))(y)}. (3.1.69) 

The relations between the dynamical and geometric quark distribution functions hold for 1 > 
z > 0; the corresponding antiquark distribution functions are obtained for z ^ — z. We observe 
that both decompositions coincide in the leading twist, but differ at higher order. For instance, 
gi{z) and hi{z) are proper geometric twist-2 structure functions and e{z) is a proper geometric 
twist-3 distribution. The distribution functions griz), fi{z) and /il(z) with dynamical twist 
t = 3 also contain contributions of geometrical twist r = 2 and 3. Additionally, the dynamical 
twist t = 4 functions 53 (-z) and /i3(z) contain geometrical twist-2, twist-3, as well as twist-4 
parts and the dynamical twist i = 4 function /^{z) contains geometrical twist-2 and twist-4. 

These relations may be inverted in order to express the geometric twist distributions in terms 
of dynamical twist distributions. The nontrivial inverse relations are: 

G^^\z) = griz) + - f dy{gT - gi) (y) , (3.1.70) 

Z Jz 

G^^\z) = -{2g3iz) H- 4 / dy y(6y3 + 4yT - gi) (y) 

^ Z Jz 

+ \ rdyy(l--){2gs + AgT-Sgi){y)}, (3.1.71) 
z Jz ^ 2/' 

f(^\z) = 2U{z) + - f dy(2/4 - /i) (y) , (3.1.72) 
H^^\z) = hL{z) + - [ dy{hL-hi)iy) (3.1.73) 

Z Jz 

H(^)(z)=2{h3iz) + ^ [' dyy{2hs-hL)iy)-^ [' dy y (l - ^) {h^ - h,) (y)} . (3.1.74) 

z Jz z J z ^ y ^ ■' 
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The relations between the moments may be read off from Eqs. (|3.1.57j) - (|3.1.6U|) as follows: 



y in. 


^ n 1 


yi n 




253n 


= -Gn ' - 


fin 


— /?(2) 




= + 






hln 






= + 




= + 
n ' 



n + 1 



n + 1 



n + lV / n + 2 



3.1.75) 
3.1.76) 

3.1.77) 

3.1.78) 

3.1.79) 

3.1.80) 
3.1.81) 

3.1.82) 
3.1.83) 



In terms of the moments the relations between conventional and new distribution functions may 
be easily inverted. The nontrivial inverse relations are: 

G^f^ =9Tn + ^ [gXn - 9ln) , « > (3.1.84) 

G^n^ = -^2g3n + (QgSn + '^QTn - fi-ln) + ^(J^ _ -y^ {'^93n + '^QTn - ^Qlr^^ , n>l 

(3.1.85) 

F^^) = 2/4, + ^ (2/4„ - /i„) , n > (3.1.86) 
H^n'^ = hLn + ^ (hLn " h^) , n > (3.1.87) 

i/(4) = 2{/l3„ + ^^(2/l3n-/iLn)-^^^^^^(^Ln-/iln)}, ^ > 1. (3.1.88) 

The nontrivial relationships between the conventional and the new distribution functions are 
much simpler than to be assumed by a first glance at expressions such as (|3.1.4U() . 1)3.1.47^ . and 
1)3.1. 56p . They show that the conventional distribution functions are determined by the new ones 
of the same as well as lower geometrical twist, and vice versa (with respect to dynamical twist). 
Obviously, the same holds for their moments. In principle, this allows to determine, e.g., the 
new distribution functions from the experimental data if these are known for the conventional 
ones. At least, this should be possible for the lowest moments. 

Another very important consequence is, if the dynamical and the geometrical distribu- 
tion functions coincide then also their anomalous dimensions coincide. Accordingly, we are 
able to predict the anomalous dimensions of the geometric distribution functions F^'^\x,Q'^), 
G^'^\x, Q'^), H^'^\x, Q"^) from the anomalous dimensions of the dynamical ones. The leading or- 
der (LO) evolution of fi(x, Q'^) and gi{x, Q^) has been known for a long time [SHlEl»^ and 
the LO evolution for hi{x, Q"^) was also studied in Refs. jll61 171 1511 OH] (in 1-loop calculation 
with /i^ = Q"^). For simplicity, we use the local anomalous dimensions. The local geometric 
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twist-2 anomalous dimensions are given by'^ {Cp = 4/3) 

n2 



i?(2) 
In 



In — In 



it = -E-^Cf\1- , +4y- , (3.1.89) 

87r2 I (n + l)n J I ' 

2 / 9 " 1 \ 

AtCf 1-- ^+4y- , (3.1.90) 

87r2 M (n + l)n f::^ j I ' ^ ' 



2 / " 1 \ 

7r-7^ = |^^^.fl + 4^^M, (3.1.91) 

and hence 7^^^' > 7,f for all n. The expressions for the anomalous dimensions of higher 
geometrical twist will be more complicated. 

3.1.5 Wandzura-Wilczek type relations 

As an immediate consequence of the interrelations (|3.1.H1|1 - (|3.1.69j) and (|3.1.7()j) - (|3.1.74j) 
between the conventional structure functions and the new ones of proper geometric twist we 
are able to derive the decomposition of the conventional structure functions into its parts of 
genuine twist. Thereby, we also obtain new Wandzura-Wilczek-like relations for the conventional 
structure functions and also new sum rules of the type of the Burkhardt-Cottingham sum rule. 

Let us use the decomposition of gri^) = gT\^) + 9t^ i^) its parts g^\z) and g^\z) 
of genuine twist-2 and twist-3, respectively, parts of g2{z). Then, substituting (|3.1.6H) into 
(I3.1.ei2j) . we get 

g'?{z)= r^giiy) (3.1.92) 
J z y 

gP{z)=gT{z)- f'^giiy), (3.1.93) 

Jz y 

where ()3.1.92|1 is the Wandzura-Wilczek relation^ for the twist-2 part jl23j . On the other hand, 
the analogous relation (|3.1.93|) for the twist-3 part, which is an immediate consequence of the 
above definition, has already been obtained in the framework of the local OPE |^ and the 
nonlocal OPE I^HI- Wandzura and Wilczek noted in their original derivation that the twist-3 is 
small jl23| . They obtained in the MIT bag model the approximation 

iG^fVC^f^l - 0.10. (3.1.94) 

So far the SLAG data ^ agree very well with the Wandzura-Wilczek prediction. However the 

/n\ _____ 

accuracy of the data is such that a relevant g'^ -term would not yet be detectable [SOI. Therefore, 
if more precise data of gr become available, one can investigate the geometric twist-3 part of gr 
in more detail. 

Using QCD equations of motion operator relations (see [HI El ESI)) one can decompose the 
geometric twist-3 part of griz), Eq. (|3.1.93|) . into a quark mass dependent term and a quark- 
gluon correlation part |119j 

'hi{z) 



St i^J - M 



z 



[ ^hi{y) 

Jz y 



+ g^?{z), (3.1.95) 



The corresponding local operators are 0(™j„(i) and Mj^-^^„{x) . 
"^With Qt ~ 92 + Qi this relation can be rewritten in its original form. 
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(3) 

where gj, (z) denotes the twist-3 quark-gluon correlation function of the so-called Shuryak- 

Vainshtein operator. Therefore, in the massless case m = the function g}p'{z) measures the 
quark-gluon correlation in the nucleon. 
For the moments we obtain 

9Tn = ^9ln, (3.1.96) 
(3) 1 

9Tn = 9Tn — T Qln, n > 0. (3.1.97) 

Obviously, if we introduce the usual notation griz) = gi{z) + 52 (-2), we get from the relation 
(|3. 1.96)1 for n = the Burkhardt-Cottingham sum rule |4nj : 

1 

dzg2{z) = 0, (3.1.98) 

) 

which is consistent with the SLAG data. 

Of course, these relationships are well known. However, with the help of the results of 
the preceeding Section we are able to generalize these relationships also to the other nontriv- 
ial structure functions. Using the formulas (|3. 1.61(1 . ()3.1.62|) . (|3.1.63|1 . and ()3.1.7U(1 . we ob- 
tain Wandzura-Wilczek~like integral relations for geometric twist parts of the function gsiz) = 
g^r^^ (z) + g^^ (z) + gl^^ (z) as follows: 

g?iz) = l'f{iM + lnQg,iy)}, (3.1.99) 
(z) = -2 I' ^{gr(y) +ln (^)5i(y)}, (3.1.100) 

gi^\z) = gs{z) + ^{(45T - <7i)(y) + 21n Qgiiv)}- (3.1.101) 

Due to the fact that 53(2;) contains twist-2, twist-3 as well as twist-4 we have obtained three 
integral relations. For example, Eq. ((3.1.9911 demonstrates that the twist-2 part g^\z) can be 
expressed in terms of the twist-2 function gi{z). The relations for the moments are: 

9^ = ^(;^5in -J^.9in, (3.1.102) 

g3n = -^;^9Tn + ^ gin, n > Q (3.1.103) 
9^1 = 93n + ^^^^ (y^9Tn " 9ln) - -^y 9ln, n > 1. (3.1.104) 

Using again the approximation ((3.1.9411 , one should expect gi^^ ^ gj^^ . Additionally, we expect 
that gl^J^ is small. Additionally, from ((3.1.103(1 and ((3.1.97(1 we observe the twist-3 relation 



flS--^.^ sfW = -2/ f (3.1.105) 



For n = in ((3.1.102(1 we find the sum rule 

•1 1 rl 



[ dzg3{z) = -\ I dzgi{z). (3.1.106) 
Jo ^ Jo 
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Additionally, we obtain for n = 1 in (|3.1.1U2|) and (|3.1.1U3jl the sum rules 



dzzgf\z)=Q, Cdzzg'i\z) = -\ f\zz{2gT-gi)[z), (3.1.107) 
Jo Jo ^ Jo 

which give the following sum rule for 53 (-z) 

[ dzzg3{z) = -l [ dzz{2gT-gi){z). (3.1.108) 
Jo ^ Jo 

If we use the Efremov-Leader-Teryaev sum rule 

[\zz{2gT-gi){z)=0, (3.1.109) 
Jo 

which was discussed in jSlj in the context of a QCD field theoretical framework, we discover the 
interesting sum rule from Eq. p.l.l08|l 

1 

dzzg3{z) = 0. (3.1.110) 

Let me note that the sum rules H3.1.106() and ()3.1.108|) should be experimentally verified because 
they give information about the dynamical twist-4 function gz{z). Although the function gz{z) 
does not contribute to either measurable distribution function including electromagnetic interac- 
tion j77j . it gives contributions to the three polarized distribution functions in weak interaction 
processes which are introduced by Ji jSl]. Therefore, the new sum rules and WW- type relations 
of (73(2;) will be relevant in these processes. 

Substituting 1)3. 1.641) into 1)3. 1.65(1 . we get the integral relations for the twist-2 and twist-4 

part oi U{z) = ff\z) + ft\z) 

1 r^dy 



ff\z) = \ [ -fiiy), (3.1.111) 
^ Jz y 



/r(^) = /4(^)-- / ^/i(y). (3.1.112) 

^ Jz y 



The corresponding relations for the moments read 



ftn = h. - 5^7^ n > (31,114) 

For n = 0, 1 in (|3.1.113|) we observe the following sum rules 

f\zf^{z) = \ C dzhiz), f\zzff\z) = - C dzzhiz). (3.1.115) 
Jo ^ Jo Jo ^ Jo 

The distributions hi{z), hiiz), and /i3(z) can be treated in a similar fashion. Unfortunately, 
Jaffe and Ji used two different relations between /il(z) and h2{z). In their earlier paper j78j 
they used the notation h^lz) = h2{z) + hi{z)/2. But later [73] they introduced the relation 
hi^z) = hi{z) + h2{z)/2. In order to avoid any misunderstanding we use hL{z) instead of h2{z). 
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If we now substitute (|;S.1.67j) into (|;-{.l.ei8l) and use hiiz) = K^l' {z) + hl'{z), we derive 

4')(z) = 2z f%hr{y), (3.1.116) 

/if (z) = /ii(z)-2z r^hiy), (3.1.117) 

where ()3.1.116|) is a twist-2 Wandzura-Wilczek-like relation which was obtained earher by Jaffe 
and Ji [TD] (using the notation hi^{z) = h2{z) + hi{z)/2 we recover the Wandzura-Wilczek 
relation of the function h2{z) which was obtained in Ref. [ZSl)- Obviously, p.l.llTj) is the 
corresponding twist-3 relation which can be decomposed by means of QCD equations of motion 
operator relations as follows (see [7^1 11191 1^ 'I 

'9i{z) ^ dy 



h'-'Uz)- — 



2^ / -^9iiy) 
Jz r 



+ (z), (3.1.118) 

L ^ Jz y J 

where (z) denotes the quark-gluon correlation function of the twist-3 part of the trilocal 
quark-gluon operator V^^(x,ix,— x) (see Section ll?3|) . 
For the moments we obtain 

^Ll = :^h,n, (3.1.119) 

4n = hLn -T hm, u > 0. (3.1.120) 

n + 2 

For n = 0, 1 in ()3.1.119|) we observe the following sum rule 

1 .1 

dzhL{z)= / dz hi{z), (3.1.121) 



Jo 



dzzh'^'{z) = - dzzhi{z). (3.1.122) 

3 Jo 

The sum rule 1)3.1. 121() was earlier derived in Ref. If we use the notation /il(^) = hi{z) + 
h2{z)/2, we recover in ()3. 1.121)1 a sum rule very similar to the Burkhardt-Cottingham sum rule, 
namely dzh2{z) = 0, which was originally derived by Tangerman and Mulders jll9| . 

Furthermore, using the formulas (|3.1.67|) . ()3. 1.68)1 1)3.1.69)1 and 1)3.1.73)1 . we obtain the integral 
relations for the structure function h^iz) = h^\z) + h^^\z) + h^\z) as follows: 

h^^\z) = - f\y('--t^h^{y), (3.1.123) 

zJz 

1 rK , . / z^' 



hf{z) = -j dy[hL{y)-{l-'-^)h^{y)}, (3.1.124) 
hf{z) = h^{z)-- f\yi^hUy)-[l--)h,{y)}, (3.1.125) 



zJz ^ ^2/ 
and the relations for the corresponding moments 



4? = - hm, (3.1.126) 



n+1 n+2 
n (n + 2jn 



1 2 

45 = -hLn- Tzrv^ n>0 (3.1.127) 



h^3n =h3n--hLn+ , ,\ , km, n > 1. (3.1.128) 
n (n + Ijn 
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Prom (|3.1.127| ) and H3.1.12Uj ) we observe the following twist-3 relation 



45 = ^41 hf{z) = -j\yhf{y). (3.1.129) 

(2) . . . (3) 

Therefore we conclude that has a simple parton interpretation like hi, represent the 
quark-gluon correlation, like gx, in the nucleon and last but not least the distribution is 
determined by the rather complicated multi quark-gluon and quark-quark correlation in the 
nucleon. Similar arguments are valid for the different parts of 53. 

Here we also obtain a interesting sum rule from H3.1.126() in the case n = 0, namely, 

1 ^ r-l 

dzh^{z) = - dzhi{z), (3.1.130) 
2 Jq 

which was also obtained in Ref. For n = 1 we get from Eqs. (|3.1.12(ij) and (|3.1.127|) the 
following sum rules 



JO 



1 1'^ 

dzzh^^\z) = - dzzhi(z), (3.1.131) 
6 Jo 

dzzhf\z)= I dzz{hL{z) -'^hi{z)y (3.1.132) 



'0 JQ 

which give the phenomenological interesting sum rule for h^{z): 

[ dzzh3{z)=[ dzz(hL{z) -l:hi{z)). (3.1.133) 
Jo Jo ^ 2 / 

The sum rules (|3.1.130|) and (|3.1.133|) give information about the dynamical twist-4 function 
h3{z) from the functions hi{z) and h2{z) and should be phenomenologically tested. 

Let us note that Jaffe and Ji ignored in their investigations [TSj the function /i3(z) because 
they claimed that it is twist-4 and can be neglected. However, this assumption is only true 
in the case of the vector operator M^ai^ix, K2x) but not in the case of the tensor operator 
M^f^p^{nix, H2x) which appear in polarized deep inelastic scattering by means of the massive 

quark propagator. As we have seen in Eq. ()3.1.69() . then the function /i3(z) contains twist-2, 

(2) 

twist-3 as well as twist-4 parts. Moreover, the twist-2 part /13 (z) is given in terms of the twist-2 
function hi{z) in (|3. 1.123(1 . Therefore, the structure function h^^z) is experimentally relevant 
also at the twist-2 and twist-3 level and cannot be ignored in these cases. The dynamical twist-4 
function h^^z) is, in principle, observable in the polarised Drell-Yan process |73j . 



3.1.6 Conclusions 

Using the notion of geometric twist, we discussed the calculation of the forward matrix elements 
for those nonlocal LC-operators which correspond to the independent tensor structures in polar- 
ized nucleon matrix elements of the type {PS\'4'{kix)TU{kix, K2x)^p{K2x)\PS). We have found 
nine independent forward distribution functions with well defined twist r which, for twist r > 3, 
differ from the conventional ones. From the field theoretical point of view this Lorentz invari- 
ant classification is the most appropriate frame of introducing distribution functions since the 
separation of different (geometric) twist is unique and independent from the special kinematics 
of the process. Only the operators of definite geometric twist will have the correct mixing be- 
haviour under renormalization. A very useful property of the nonlocal (and local) LC operators 
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of definite twist r is that they are obtained from the original, i.e., undecomposed LC-operators 
by the apphcation of corresponding projection operators of geometric twist. An essential result 
of our calculations is the relation between the new parton distribution functions and those given 
by Jaffe and Ji [781 179j . In addition we have also given the moments of all the distribution 
functions. These relations demonstrate the interrelations between the different twist definitions. 
One principal result are Wandzura-Wilczek-like relations between the dynamical twist distribu- 
tions which we have obtained by means of interrelation rules in a natural manner. An advantage 
in our approach was that we used operators with geometric twist which allowed us to reveal the 
Wandzura-Wilczek-like relations between the dynamical twist distribution functions. 
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3.2 Vector meson distribution amplitudes of definite geometric 
twist 



In this Section, we centre our discussion around the specific case of light vector-meson distribu- 
tion amplitudes (DAs), which are relevant for describing light-cone dominated processes, e.g., 
the vector meson production off nucleons, 'j* + N ^ V + N and can be expressed in terms of 
matrix-elements of gauge-invariant non-local operators sandwiched between the vacuum and the 
meson state, {0\u{x)TU{x, —x)d{—x)\p{P, X)) . In particular, we investigate the (two-particle) 
p-meson light-cone distribution amplitudes of geometric twist. We will find eight meson distri- 
bution amplitudes of geometric twist. 

On the other hand. Ball et al. used the notion of dynamical twist t for the classification of 
(two-particle) vector meson distribution amplitudes and vector meson distribution amplitudes, 
respectively |131ll4l[T3] . They classified the meson distribution amplitudes which correspond to 
the independent tensor structure of the matrix elements of bilocal quark-antiquark operators. 
One key ingredient in their approach was the use of QCD equations of motion in order to obtain 
dynamical Wandzura-Wilczek-type relations for DAs that are not dynamically independent. The 
pion distribution functions were investigated in similar way [321 1331 [l6j . 

Meson distribution amplitudes and form factors have been discussed in the framework of local 
operator product expansion and in the infinite momentum frame by |99| I36| I42| \TW\ I44j and 
in the framework of nonlocal operator product expansion |6U1 1351 riU6j . 

The aim of this Section is to present the (two-particle) meson distribution amplitudes which 
are related to the nonlocal LC-operators of different geometric twist. In the framework of geo- 
metric twist, it is possible to investigate the interrelations and the mismatch between the different 
twist definitions of meson distribution amplitudes as a kind of group theoretical relations. By 
means of this relations, we are able to obtain geometric Wandzura-Wilczek-type relations be- 
tween the the dynamical twist function which differ from the dynamical Wandzura-Wilczek-type 
relations. 

3.2.1 The p-meson distribution amplitudes of definite dynamical twist 

Usually, the meson light-cone distributions are defined as the vacuum-to-meson matrix elements 
of quark-antiquark nonlocal gauge invariant operators on the light-cone. In this way, Ball et 
al. |131 114| [TK] found eight independent two-particle distributions. The classification of these 
dynamical twist p-meson distribution amplitudes with respect to spin, dynamical twist, chirality 
and the relations to geometrical twist (see Section l3.2.3j) are summarized in Tab. 13.21 One distri- 



Twist t 


2 

0(1) 


3 

o(i/g) 


4 

0(1/Q2) 






= 1,(3) + i?j(|.(2),|.{3)) 








h\'^ = t(3) 




e± 






^ = ^(4)+F;,(^(2),^(3),6(4)) 






gia) ^ s(3) 





Table 3.2: Spin, dynamical twist and chiral classification of the p-meson distribution amplitudes. 
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bution amplitude was obtained for longitudinally (ey) and transversely {e±) polarized p-mesons 
of twist-2 and twist-4, respectively. Whereas, the number of twist-3 distribution amplitudes is 
doubled for each polarization. The higher twist distribution amplitudes contribute to a hard 
exclusive amplitude with additional powers of l/Q compared to the leading twist-2 ones. The 
underlined distribution amplitudes are chiral-odd, the others chiral-even. 

Using the Lorentz-tensor decomposition of the matrix elements of relevant bilocal operators, 



Oa{x, —x) = u{x)^aU (x, —x)d{—x), 
05a{x, -x) = u{x)jal5U (x, -x)d{-x), 

M[ai3]{x,-x) = u{x)aa(3U{x, -x)d{-x), 
N(x, —x) = u{x)U{x, —x)d{—x), 



(3.2.1) 
(3.2.2) 
(3.2.3) 
(3.2.4) 



in analogy to nucleon structure functions, the explicit definitions of the chiral-even p-distributions 
are: 



{0\OUx,-xMP,X)) = fpTJip 



e^x /■! 



Pa- 



dee'«(^'^)0ii(e,p^) + eY^^ / dee'*^--^5r(e,/^^ 



(A) 



xP 

1 _ e^^^x 



{xP) 



(3.2.5) 



and 

(0|O5a(x,-x)|p(P,A)) 



fp f. 



rrir 



rrioe. 



/'dee^^(^^)#(e,p2)(3.2.6) 



while the chiral-odd distributions are defined as 



(0|M[,^](x,-5)|p(P,A)) =i/; 



I " / (A) ~ ~ 



iP)2 P 
2 



xP 



dCe'«(*^)/i3(C,/u') 



(3.2.7) 



and 



(0|iV(x,-x)|p(P,A)) 



-i(/j-/.^^)(e(^).)-: 



|^ee^^(^^)A[f)(C,/z2). (3.2.8) 



In the above definitions we used the two light-cone vectors (see Eq. (|2.1.17|) with = Pa/rrip) 

(3.2.9) 



Pa 



mi: 



{xP) — \l {xPY — x'^m^p 



Pa -fa 



1 m-^ 



2 



with p2 = 0, = and px = Px. Here Pa is the /?-meson momentum vector, so that P^ = m^, 

(A)p(A) 



e'^ 'e 
,(A) 



-1, Pe^^) = 0, nip denotes the /?-meson mass. The polarization vector of the p-meson 
e"a' can be decomposed into projections onto the two light-like vectors and the orthogonal plane: 

(3.2.10) 



_ e^^^x 1 , e(^)x 
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The distribution amplitudes are dimensionless functions of ^ and describe the probabihty 
ampUtudes to find the p-meson in a state with minimal number of constituents (quark and anti- 
quark) which carry momentum fractions For example, the functions (/>|| and <j3± give the leading 
twist distributions in the fraction of total momentum carried by the quark in longitudinally and 
transversely polarized mesons, respectively jH]- The nonlocal operators are renormalized at scale 
so that the distribution amplitudes depend on fj. as well. This dependence can be calculated 
in perturbative QCD (from now on we suppress jj?). 

The vector and tensor decay constants fp and fj are defined as usually as 

{0\u{Ohadmp{P,X)) = fpmpe^^\ (3.2.11) 
(0|u(0)a„^d(0)|/;(P,A)) = \f]{e^^^Pp-efPo.). (3.2.12) 

All eight distributions (j) = {0|| , 0^, ^^^^ ^||*\ ^||*\ ^3) 53} ^'^^ normalized as 

\im = ^- (3-2.13) 

-1 

The distribution amplitude moments related to the reduced matric elements are given as 

<i>n = f^^iem^ f^^ncm. i = 2u-i (3.2.14) 

with both types of meson distribution amplitudes 

m = (^) , m = 2'^(2« - 1). (3.2.15) 

Eq. (|3.2.14() means, having information about the distribution amplitude moments, one can 
reconstruct the distribution amplitude itself. 



3.2.2 The p-meson matrix elements of LC— operators with definite geometric 
twist 

In this Section we define the meson distribution amplitudes for the bilinear LC-quark operators 
with definite twist sandwiched between the vacuum and the meson state. The twist projectors 
for the bilocal operators (|3.2.H) - (|3.2.4|) are given in Eqs. (|3.1.14|) - (|3. 1.211) . As usual, the matrix 
elements of the meson are related to the meson momentum and meson polarization vector 

e^^\ respectively and is generated by the twist projectors. According to the above projection 
properties we are able to introduce one (and only one) distribution amplitude for any operator 
of definite twist. 

We start with the chiral-even scalar operator 0*™^(x,— x) = u{x){'yx)U{x, —x)d{—x). The 
matrix element of this nonlocal twist-2 operator taken between the vacuum (0| and the meson 
state \p{P,X)) reads 

m-\x,-xMP,X)) = fprupie^'h) f ^'^^'''^ = /pm,(eWx) ^^^^ 

•^-1 n=0 

(3.2.16) 
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Here, $(^)(^) is the twist-2 meson distribution amplitude which is related to the corresponding 
moments 



Now we consider the chiral-even vector operator. Using the projection property H3.1.22|l . we 
introduce the meson distribution amplitudes ^^'^\0 of geometric twist rby 



(0|OW(x,-5)|p(P,A)) ^ (0|(P«^o(^))(x,-x)|p(P,A)) = /pm,pW^(e(')y_^dCc|W(Oe'«(^^) 

(3.2.17) 



which, for r = 2, is consistent with (|3.2.16() . Using the twist projection operators as they are 
determined by Eqs. (|3.1.14|) - H3.1.16() we obtain for the twist-2 operator 



{0\O':'\x,-x)\p{P,X)) = fpTUp / dt a„ + -{\nt)x^U (e 







fpTUp I'dt I'^d^^^'HO 



+iCiP«(eWx) + ^{e'-''h)mlm^{lnt 



de4>(2)(e)ei«*(-^)|^,^„ 



n. ™' i-n + 1 V 

n=0 



W5\ n(n- 1) _ m2(eWi) 



xP / 2(n + 1)2 " (xP) 



}, (3.2.18) 



and for the higher twist operators 



1 /•! 



{0\O':'^{x,-xMP,\)) = fpmp j^dt j del'(^)(e)[(eL-')(xP)-P,(eWx))iet 

- 5„m2(eW£)(iCt)2lntje^«*(*^), 

eWx\ n(n-l), ^^(eWi) 



y^ (i(^^))" (3)f n /(,^ 

n=l 



xP 



(n+l)2 " (xP)2 



}, (3.2.19) 



{Q\OT{i,-x)\p{PA)) = i^fpmpxM'^x)m'p dt y_^dC<I>W(^)(iet)^(lnt)e^ 



(i(xP))"_^(4)n(n-l)^ "ip(e(^^i) 



n=2 



2(n + l)2 " (5P)2 



(3.2.20) 



Obviously, the trace terms which have been explicitly subtracted are proportional to m^. 
They give rise to light-cone mass correction terms of mesons and contribute to dynamical twist- 
4. For the twist-2 operator we observe that the terms proportional to Pa and Xa have 
contributions starting with the zeroth, first and second moment, respectively. The twist-3 
operator starts with the first moment, and the twist--4 operator starts with the second moment. 

If we put together the different twist contributions we obtain, after replacing i^t{xP) by 
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td/dt and performing partial integrations, the following matrix element of the original operator 



(0|O„(i,-x)|p(P,A)) =/pm^ 



y"^d^(^('He) - ^>(=^He))[eo(iCO - ei(iCO] (3.2.21) 



1 , e^^^x 
2 



where we used again the "truncated exponentials" and C, = (xP). Let us mention that the twist- 
2 part of Eq. H3.2.21|) and the local expression p.2.18p are in agreement with Stoll's result 11181 
for the light-cone twist-2 operator. 

Now we consider the chiral-even axial vector operator O^aix, —x), which obeys relations 
Eqs. H3.1.14P - ()3.1.16() . as well as ()3.1.22() with the same projection operator as the vector 
operator. Let us introduce the corresponding meson distribution amplitudes E^'^\z) of twist r 

by 

(0|OM(X, -xMP, A)) = i (/, - /J^^^^)m,pM'^(e/-^eW j'^ deHW(0 e'^^^^^) , 

(3.2.22) 

where fj denotes the tensor decay constant. The vacuum-to- meson matrix elements of these 
vector operators of geometric twist are obtained as follows: 

{0\OrJix,-xMP,X}) = \{h-f]'^^^^^^)m,ej^^"efp,x^ fdt f'dCE^'Hc) 

^ ^ ITT-p ' Jo J-1 

X (l + iCt(xP))e'«*(^'^) 

^ n=0 

We see that only the twist-3 operator gives a contribution and the twist-2 and twist-4 operator 
as well as all trace terms vanish. Thus, the matrix element of the original operator reads 

The matrix element of the simplest bilocal scalar operator arises as 

{0|JV(i,-i)|p(P,A)> = - /,!^;i±!^fi)(eMi)™J I' det(»)«)e'«-*'-), 

= - ^ T.?), (3.2.25) 

P n=0 

where T(^)(^) is another spin-independent twist-3 meson DA. 

Now, we consider the matrix elements of the chiral-odd skew tensor operators. The corre- 
sponding distribution amplitudes are introduced by 

{0\Ml:l^ix,-xMP,X))=ifJvlX^ I' d^l-MlOe^^^^^)). (3.2.26) 



{0\O,^{x,-xMP,X)) = Ufp - fj '^'' + '^' )m,e^^'^'^ef^P,Xu C dim{i)eom- (3.2.24) 
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The matrix elements of the skew tensor operators of twist r are obtained using the projectors 
determined by Eqs. 1.171) - (i;-i.l.l9B : 



1 rl 



(0|Mf-|(x,-x)|/,(P,A))=i/jy^ dt y ^dC^(2)(^)^2te[^^P^](2 + iet(xP)) 



(3.2.27) 



An 



- (A) 



n=0 



in 



+ 2)(n + l)5P 



(0|Mf-|(x,-x)|p(P,A)) = -i/, 



(„ + 2)(n + l)xP''["l''^l' ^^^1 xP )}' 

dCiCtl'(3)(e)m2x[„{e|;})+iCtP^](eWx)} 

X e^«*(*-P), (3.2.28) 



^ ' dt 



'/JE 



(iK(xP))^ 



n=l 



(0|Mf-^(x,-x)|p(P,A)) = -i/; 



dt- 



n! 



1-t 



2 



" n + 2xP 



jJe('J) + (^_l)P^jr^ 



=(A) 



de (itO'^^'HO "^p^[a{e;,]^(iP) - P;3](e(')x)} 



(4)n-l 



n=2 



n! 



"'n + lxP^'["l'''31 xP 



X e 



iCt(iP) 



(3.2.29) 



Again, the moments of distribution amphtudes of twist r = 2, 3 and 4 start with n = 0, 1 and 2, 
respectively. In addition, we remark that only those terms of the operator H3.1.18() contribute 
to the twist-3 distribution amplitude which result from the trace terms of (|3.1.17|) . 

The matrix element of the original skew tensor operator is obtained as 



(0|M[,^](x,-x)|p(P,A))=i/j[2e{^)p^] / d^^^^'HOeoim 



1 

-1 



(3.2.30) 



X\nPl 



''^l (5P)2 



d^ 



eo(iC6 + 2ei(iCO + 6e2(iCO] 



^(=^)(0 [1 + 2eo(iCe) + 662 (iCO] + [1 + eo(iC6 - 2ei(iC0] } 



2 rl 



+ Xr„e 



J^^ip y_/^{^^'^(^)h(ia) - 2ei(iCe) - 2e2(iC6] 
+ [1 + 2e2(iC6] - ^^'HO [1 + eo(ia) - 2ei(iCe)] } 



Now we finish the determination of the eight meson wave functions which result from the nonlocal 
light-cone quark operators of definite twist. 
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3.2.3 The relations between p-meson distribution amplitudes of dynamical 
and geometric twist 

By means of operators of geometric twist and using the vectors pa and e||^^, the chiral-even 
p-distributions with definite (geometric) twist are: 



{0\Oa{x,-xMP,X)) = fpmp 



Pa — 



xP 



dec|(2)(^)eo(iCe) 



(3.2.31) 



+ e 



(A) 



dc{c|(2)(^)ei(iC0 + ^'^'HOieoim - eiiKO]} 



~2^"(5P)2"'' / de<|'|(^)(0 eo(ia)-3ei(iCe) + 2 / dteiim) 







$(2)(^) ei(iC0-2 / dteiim) 

10 



+ 



4|)(3) 



ei(iC6 - dtei 



lim] }] 



and 



(0|O5.(x,-x)|p(P,A)) = lf/^-/j "^" + "^'^ )mp6/^-e;,>^x, / deH(3)(e)eo(iCe), 



(3.2.32) 



while the chiral-odd distributions are defined as 



(0|M[,^](x,-x)|p(P,A))=i/^ 



o (A) 



(A)^ 



di¥^\i)eoiia) (3.2.33) 
dc{2#(2)(e)e2(iC6 - ^^'^(6 h(iCO + 2e2(iCe)] } 

de{2v&(2)(e)[ei(ice) + e2(ia)] - ^^'ne)[i + 2e2(ice)] 

+ ^(4)(0[l + eo(ia)-2ei(ia)]} 



and 



(0|iV(x,-5)|p(P,A)) 



/ det(3)(e)eo(ice)- 



(3.2.34) 



Comparing these expressions (|3.2.31|) - H3.2.34() with the meson distribution amplitudes of 
dynamical twist (|3.2.5jl - (|3.2.8|) . we observe that it is necessary to re-express the truncated 
exponentials and perform appropriate variable transformations. After such manipulations we 
obtain the following relations, which allow to reveal the interrelations between the different twist 
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definitions of meson distribution amplitudes: 



<^l|(0 = $(')(0, (3.2.35) 
^^(0 = + ^(^('^ - ^^'^) ir) , (3.2.36) 



93(0 = - I ^{{^^'^ - 4^^^^ + 36(^0 (r) 

+ 2 In (i) - 2$(=^) + I. (r) } , (3.2.37) 

5f^(e) = H(3)(e), (3.2.38) 

<^±(0 ^ ^'^'HO, (3.2.39) 

h'iHO = ^^'HO + ^^iP^^^^i^^'^ - ^^'^) ir) , (3.2.40) 

_<5(^i)(^^(3) _^(4)j (^)|^ (3 2.41) 

hf\0 = f(^\0- (3.2.42) 



Obviously, both decompositions coincide in the leading terms, e.g., the meson distribution am- 
plitudes 4>\\{0 s-nd $±{C) are genuine geometric twist-2 and g^^\0 and h^^\0 arc genuine 
geometric twist-3 functions. But the different twist definitions of meson distribution amplitudes 
differ at higher twist. For instance, the meson distribution amplitudes g^^\0 and h^^\£,) with 
dynamical twist t = 3 contain contributions with geometrical twist r = 2 and 3. Additionally, 
dynamical twist t = 4 meson distribution amplitudes gsi^,) and /13(C) contain contributions with 
geometrical twist r = 2, 3 as well as 4. 

The conventional distribution amplitudes can be written in terms of the new p-meson dis- 
tribution amplitudes. The nontrivial relations are: 



^('^(0 = 5?(0 + -J^ dr(5P - 4>\\) (r) , (3.2.43) 

-1 /•sign(^) 

= 53(0 + ^J^ dTT{Sgs - 49^1^ + .^11) (r) (3.2.44) 

+ -^1 drr(l-i)(53-4^f +30||)(r), 
^^'HO = ^(0 + ^ y dr(/i[*) - <^^) (r) , (3.2.45) 



= hsiO + ^J^ drr(/^3 - h\^^) (r) - ^ drr(l - i) (/^^ - 0^) ( 



(3.2.46) 
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The relation between the moments may be read off from Eqs. (|3.2.31|1 - (|3.2.34|) as fohows: 



4>\\n 


= $(2) 


(v) 
9±n 


= $(3) + 


93n 


= $(4) _ 


(a) 
9±n 


= -(3) 

— 1 


4>±n 


= ^(2) 
— ^ n 1 


\\n 


= ^^^^ + 




= ^i^) + 


n 


= t(3) 

— ^ n ■ 



1 



n + 1 



(3.2.47) 

$(,2)_$(3)y (3.2.48) 



' '^^^^-4^^J^^+3<i>^^A+^^U(:^^-2<i>(J^^ + '^^^A, (3.2.49) 



(3.2.50) 
(3.2.51) 

' '*^.^)-*i'V^(^i'^-^^.'V^nofe)-^(f)^^ (3.2.53) 



n + 1 V " " y n + 2 



(3.2.54) 



In terms of the moments the relations between old and new wave functions may be easily 
inverted; for the distribution amplitudes itself the expression of the new distribution amplitudes 
through the old ones is more involved. The inverse relations are: 

<^>^f)=5S + ^(it-</'||n), ^>0 (3.2.55) 

'^n^ = 53n + ^ {Sgsn " + ^n) + (^Sn " + 3<^||n) , n > 1 (3.2.56) 

*n ^ = + ^ [h\^l - , n > (3.2.57) 

= hsn + ^{hsn - h'^l) - - ^±n), u > 1. (3.2.58) 

The relations between the dynamical and geometrical twist meson DAs show that the dynam- 
ical distribution amplitudes can be used to determine the new geometrical ones and vice versa. 
Obviously, the same holds for their moments. In principle, this allows to determine, e.g., the new 
distribution amplitudes from the experimental data if these are known for the conventional ones. 
Thus, all of the physical and experimental correlations obtained by Ball et al. ^J^^E]; e.g., 
the asymptotic wave functions, can be used for the geometrical twist distribution amplitudes. 



3.2.4 Wandzura-Wilczek type relations 

This Section is devoted to the general discussion of geometric Wandzura-Wilczek- type relations 
between the conventional distribution amplitudes which we have obtained by means of the dis- 
tribution amplitudes with a definite geometric twist. These geometric Wandzura-Wilczek-type 
relations are independent from the QCD field equations and the corresponding operator relations. 
The mismatch between the definition of dynamical and geometric twist gives rise to relations 
of geometric Wandzura-Wilczek-type which show that the dynamical twist functions contain 
various parts of different geometric twist. Consequently, a genuine geometric twist distribution 
amplitude do not give rise to any geometric Wandzura-Wilczek-type relation. Thereby, we ob- 
tain new (geometric) Wandzura-Wilczek-type relations and sum rules for the meson distribution 
amplitudes of dynamical twist. 
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We use the notations g^^\^) = + where g^^^'^^'^{C) is the genuine twist-2 

and the genuine twist-3 part of g^l\c)- Substituting (I3.2.3ft|l into (i;i2.3(i|l . we get 



gf''-\i)=j ^./)||(r), (3.2.59) 



^?'*™'(e)=5f^(0- / ^<^||(r), (3.2.60) 



where p. 2. 59(1 is reahy the analogue of the Wandzura-Wilczek relation for the twist-2 part jl23j 
because they argued that the geometric twist-3 contribution should be small. On the other 
hand, Eq. H3.2.6U() is the Wandzura-Wilczek-type relation of geometric twist-3 and gives the 
information how much is the physical contribution of the geometric twist-3 operator in this non- 
forward process. These relations show that the transverse distribution ^^^(^) is related to the 
longitudinal distribution (^). Obviously, this analogy between the Wandzura-Wilczek relations 
of parton distribution amplitudes and of meson distribution amplitudes is not surprising because 
the operator structures are the same and the /o-meson polarization vector formally substitutes 
the nucleon spin vector in the Lorentz structures. The generalization of the geometric Wandzura- 
Wilczek relation (|3.2.59|) for non-forward distribution amplitudes was discussed in Ref . j2Hj . Let 
me note that the Wandzura-Wilczek relations which are obtained in Refs. ISHHIHI for g'^l^'^^'^ {u) 
are significantly different (see also |17j). The reason is that they used equations of motion 
operator relations in order to isolate the dynamical twist-3 part. Therefore, their Wandzura- 
Wilczek relations are dynamical relations (dynamical Wandzura-Wilczek-type relations). The 
corresponding geometric Wandzura-Wilczek-type relations for the moments are: 

&'^' = ^^hn^ (3.2.61) 

9^T'=&-^^hn^ n>0. (3.2.62) 

Note that Eq. (|3.2.61|) was earlier obtained in Ref. |13,. The reason for this agreement between 
the twist-2 part of the dynamical and geometric Wandzura-Wilczek relation is that the dynamical 
and geometric twist-2 meson distribution amplitude coincides. Obviously, from the relation 
1)3.2. 61|) for n = the condition of the normalization and for n = 1 the following sum rule 
follow: 

d^5?(e) = f^dawiO = 1, y"'^dee5?'*"'(0 = I /'^dCe0||(O- (3.2.63) 

Using the formulas (|3.2.35() . (|3.2.36() . ()3.2.37l) and (|3.2.43p . we obtain the integral relations for 
the function g^iO = g'^HO + d'^HO + d'^HO as 



5^(0 = - / -{0||(r) + 21n(i)0||(r)}, (3.2.64) 

5^(6=4/ _{^(_'')(r)+ln(i)c/>||(r)}, (3.2.65) 

9r\0=93i0- / -{(4gf -0|j)(r)+21n(i)<A||(r)}. (3.2.66) 

Due to the fact that 53 (^) contains twist-2, twist-3 as well as twist-4, we have obtained three 
integral relations. For example, Eq. (|3.2.64|) demonstrates that the twist-2 part g^'^{(,) can be 
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expressed in terms of the twist-2 function Additionally, the twist-3 part ^3™^(^) is given 

in Eq. ()3.2.65|) in terms of the functions and g^^\S,)- Eq. ()3.2.66|) expresses how can be 

obtained the twist-4 part g^'^{S,) from ^3(^). For the distribution amplitude moments we obtain: 

a'Z' = — ^ hn + r^TT2 hn^ (3-2-67) 

n + 1 " (n + 1)^ " 
a'^n = ^ & - (^^^ hn^ n > (3.2.68) 

g^n = fi3n - ^ - Hn) + (^^^ ^||n, ^ > 1. (3.2.69) 

For n = 1 in (|3.2.67)) and (|3.2.68|) we find the sum rules 

l\^g^\0 = o, (3.2.70) 

f^d^g'^HO = j'^dU{2g^l^ -4>\\){0, (3.2.71) 

which give the interesting sum rule for the dynamical twist-4 function 53 (^): 

f^dCCm) = I'^dai^g'f^ (3-2.72) 

Let us now discuss the geometric Wandzura-Wilczek-type relations for the chiral-odd meson 
distribution amplitudes. If we substitute ()3.2.39() into (|3.2.4U() and using /,W(e) = /^W'*-2(0 + 

we derive 

/i[|^'*"'(6 = 2ey^ :^<A±(t), (3.2.73) 
^'*"'(0 = h\;\0 - 2ey^ 5 0±(r), (3.2.74) 

where (j3.2.73|) is the analogue of the twist-2 Wandzura-Wilczek-type relation of the nucleon 
structure function h^^z) which was obtained by Jaffe and Ji [7^. These Wandzura Wilczek- 
type relations point out that the longitudinal distribution h^^\s,) is related to the transverse 

distribution (/>_l(^). Dynamical Wandzura- Wilczek relations were obtained in Ref. jl4j . Obvi- 
ously, (|3.2.74() is the corresponding twist-3 relation. The relations for the moments read: 

/^[r' = ;^^^n, (3.2.75) 

C'^' = /^|£-^'^^- ^>0- (3-2.76) 

II" II" n + 2 

For n = 1 in ()3.2.75p we observe the following sum rule 

dee/i[| ^'*"'(0 = I j\ diihii). (3.2.77) 
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Now, using the formulas (|3.2.39jl . (|3.2.4Ujl . (|3.2.41jl and (|3.2.45|) . we obtain the integral 
relations for the function with h^iO = h^^^iO + h^^^iO + h^^'^iO as 



hr'{0 = -J^ dr[^-^)Mr), (3.2.78) 

h^HO = -J^ dr{h\^\r) - (l - ^)0±(r)}, (3.2.79) 

= /^3(0 --J^ dr{/iW(r) - (l - ^)0±(r)}. (3.2.80) 

and for the moments 

^3n' = ^^±n-^ <P±n, (3.2.81) 

^3n' = - h\'l - ^ c^^n, n > (3.2.82) 

^3n' = fe3n--fe[g+ , , ./'±n, n > 1. (3.2.83) 

n II (n + Ijn 

Thus, Eq. (|3.2.78|) means that the twist-2 part h^'^{^) can be expressed in terms of the twist-2 
function 4'±i(,)- Additionally, the twist-3 part h^^{^) is given in Eq. (|3.2.79() in terms of the 
functions (j)±{C) and h^\c)- Eq. (|3.2.S()B gives the subtraction rule in order to obtain the twist-4 

part ^3*^(0 from the original function h^^S,)- Obviously, the same is valid for the corresponding 
distribution amplitude moments. For n = 1 in (|3.2.81j) and (|3.2.82|) we observe the following 
sum rules 

I' dahf'iO = I dee'A±(0, (3.2.84) 
l^ahfHO = I l\^{Qh\^{0-^MO), (3.2.85) 
which give the sum rule for the dynamical twist-4 function /i3(^): 

f^dah3{0 = f^da{2h\f\0-4>±{0)- (3.2.86) 

Because the functions g^_i\c) and /i||*^(^) are pure geometric as well as dynamical twist-3 
functions, there is no mismatch between the dynamical and geometric twist and no geometric 
Wandzura-Wilczek-type relation occurs. However, dynamical Wandzura-Wilczek relations for 
9±^\0 and h^^^\C) were obtained by Ball et al. ^1^^ by using the QCD equations of motion. 

Here I am discussing the relation for gj"^. Neglecting quark masses and three-particle quark- 
antiquark-gluon operators of twist-3 one recovers the operator relation (see l9l) 



[u{xhal5d{-x)] = ie/^^i^ / duudf, [u{uS:)-f^d{-ux)] + . . . , (3.2.87) 

Jo 

where 5^ is the so-called total derivative which translates the expansion point y: 

d 

df, [u{ux)-f,yd{-ux)] = — [u{y + ux)-f,yd{y - ux)] (3.2.88) 
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The total derivative on the r.h.s. of Eq. (|3.2.87jl is calculated as 



d^j_\u{ux)^yd{—ux)\ = u{ux){^Dp_ + Dp^'^yd{—ux) — i I dvu{ux)x''Fp^{vx)'^i,d{—ux), 

J —u 

(3.2.89) 

where F^u is the gluon field strength. Obviously, the second operator on the r.h.s. of Eq. (|3.2.89)) 
is a Shuryak-Vainshtein type operator having minimal twist-3. The other operator on the r.h.s. 
of Eq. (|3.2.89j) has, in general, twist-2, 3 and 4. But, after multiplying by the Levi-Civita tensor 
€Q/3f_iu only the twist-3 part survives and gives contributions which are not small. Therefore, the 
operator identity (|3.2.87|) is a genuine twist-3 relation. The twist-3 matrix element of the first 
operator on the r.h.s. of Eq. (|3.2.89|) is given by 

ie,''^''xf3{0\u{x){D^ + Dp)j,d{-xMP,X)) = fpmpeJ'^^e^^lppX, di^^^XOe^CKO, 

(3.2.90) 

where A(^)(^) is the corresponding meson distribution amplitude of twist-3. 

Taking the matrix element of the operators on both sides of Eq. (|3.2.87|) . using Eqs. (|3.2.32|) . 
H3.2.38() . and (|3.2.9U() . and neglecting quark masses and trilocal operators, one obtains a geo- 
metric relation between the meson distribution amplitudes g'^f^ {£,) and i7(^)(^) imposed by the 
QCD equations of motion as 

#(6 = 2e/ %^^'\r), (3.2.91) 



5 

and for the meson distribution amplitude moments 

& = ^^^^^\ (3.2.92) 

where VLn are the geometric twist-3 distribution amplitude moments. This relation (|3.2.92)) 
reproduces the fact that the moments have genuine geometric twist-3 (see Eq. (|3.2.50p ) and 
no geometric twist-2 contributions from the total derivative come into the game. 

But this is not what Ball et al. ^1 \^ did. They have calculated the r.h.s. of Eq. (|3.2.87|1 
by means of 

9^(0|u(5)7,d(-x)|p(P, A)) (3.2.93) 
and Eq. 1)3. 2. 5|) . Eventually, they obtained the dynamical Wandzura-Wilczek-type relation 

'■^^S'^^) dr 



#(e) = 2e/ %9^^{rl (3.2.94) 



and for the moments 



St = ^2't- (3.2.95) 

Obviously, Eqs. (|3.2.94jl and (|3.2.95|) are relations between equal dynamical twist. But, the 
l.h.s. of these relations has geometric twist-3 and the r.h.s. has geometric twist-2 and twist-3. 
Therefore, a dynamical Wandzura-Wilczek relation is a relation which is derived by means of the 
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QCD equations of motion in contrast to geometric one. Note that the Wandzura-Wilczek-hke 
relations used in Refs. |ll 1^ 1571 11151 15] are dynamical ones. 

Similar arguments are valid for the other QCD equations of motion operator relations used 
in Ref. ^Ij. Thus, from the group theoretical point of view, it is a bit misleading to claim that 
an additional geometric twist-2 contribution is produced by geometric twist-3 operators with 
a total derivative and that the QCD equations of motion give a relation between distribution 
amplitudes of different geometric twist in exclusive processes and off-forward scattering. From 
this point of view, the geometric twist is a proper concept for classifying non-forward inclusive 
or general exclusive matrix-elements. 

3.2.5 Conclusions 

We discussed the model-independent classification of meson distribution amplitudes with respect 
to geometric twist. We gave the relations between the geometric twist and Ball and Braun's 
dynamical twist distribution amplitudes. These relations demonstrate the interrelations between 
the different twist definitions. Consequently, these relations are "transformation rules" between 
the dynamical and geometric twist distribution amplitudes. 

Another results of this Section are geometric Wandzura-Wilczek-type relations between the 
dynamical twist distributions which we have obtained by means of our "transformation rules" . 
The reason of these geometric Wandzura-Wilczek-type relations is the mismatch of the dynamical 
twist with respect to geometric twist. Because we have not used the QCD equations of motion, 
the geometric Wandzura-Wilczek-type relations are based on a no-dynamical level and are model- 
independent. Additionally, I have discussed the difference between dynamical and geometric 
Wandzura-Wilczek-type relations. 

3.3 Power corrections of non-forward quark distributions and 
harmonic operators with definite geometric twist 

In this Section we develop a formalism for the resummation of the target mass corrections for 
off- forward processes by means of harmonic off-cone operators of geometric twist. The harmonic 
operators of a given spin or twist have a fixed tensor structure and their matrix elements have 
an explicit target mass dependence, determined by the condition that the (local) operators have 
to be traceless. 

We determine the twist decomposition of the following chiral-even (axial) vector opera- 
tors, Oq( ), and O^ait^x, —Kx), together with the corresponding (pseudo) scalar oper- 
ators, 0(5)(kx, — Kx), and the chiral-odd scalar and skew tensor operator, N{kx,—kx), and 
M[ai3] {kx, —kx) together with the vector and scalar operators, Mq,(kx, —kx) = x^Mjq,^] (kx, — kx), 
M{kx, —kx) = x^5"M[q,^] (kx, — kx). The operators constitute a basis not only for the (usual) 
parton distributions as well as scalar and vector meson distribution amplitudes I97| I98j but 
also for the consideration of double distribution amplitudes being relevant for the various light- 
cone dominated QCD processes under consideration. Here, their twist decomposition off the 
light-cone will be given up to twist 3 and, in the case of scalar operators, also for any twist. 
In fact, the 'external' operation of contracting with x" or x^d°' also influences the possible 
symmetry type of these operators and, therefore, of their twist decomposition. 

These off-cone operators of definite twist are given for the local as well as the resummed 
nonlocal operators. The local operators given as the n-th Taylor coefficients of the non-local 
ones, are represented by (a finite series of) Gegenbauer polynomials C^{z), u >1. The nonlocal 
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operators, being obtained by resummation with respect to n, are represented by (a related series 
of) Bessel functions or, more exactly, either J^__i{z) or Ij^_\{z) depending on the values of their 
arguments. 

The group theoretical method for the determination of target mass corrections in unpolarized 
deep inelastic scattering using harmonic scalar operators of definite spin and the corresponding 
matrix elements in terms of Gegenbauer polynomials has been used for the first time by Nacht- 
mann |in7j and later by Baluni and Eichten |18j . Using the same procedure, the target mass 
contributions for polarized deep inelastic scattering were studied in Refs. |1241 11041 15^ . A key 
ingredient in this framework was that they obtained so-called "Nachtmann moments" for the 
unpolarized as well as polarized structure functions. A short review of Nachtmann's method in 
deep inelastic lepton-hadron scattering was given in Ref . (59. . All these investigations are based 
on the notion of geometric twist. A different method is due to Georgi and Politzer ^] for the 
target mass corrections in unpolarized deep inelastic scattering. This method has been applied 
also to the study of target mass corrections of polarized structure functions I26j . In non- 
forward processes, the structure of mass corrections is more complicated than for deep-inelastic 
lepton-hadron scattering ^1 |2S] . 

Here, we generalize Nachtmann's procedure for the case of non-forward matrix elements 
applying it to off-cone quark-antiquark operators. Additionally, I extend the analysis of p- 
meson as well as pion DAs to include all meson-mass terms of harmonic twist-2 and twist-3 
operators. Vector meson mass corrections of order were discussed by Ball and Braun jl5[ ll6j. 
A resummed meson mass correction was just given in the case of a scalar theory by Ball jl6j 
(see also Ref. [TT]). 

We calculate the operators and the matrix elements in the x-space. The corresponding matrix 
elements in the g-space which are needed to calculate the mass corrections in the Compton 
amplitude are given if we carry out the twist decomposition in the (;-space. 

3.3.1 Non-forward matrix elements of harmonic operators: The method 

Parametrization of non-forward matrix elements by independent double distribu- 
tions of definite twist 

Now we consider the bilocal off-cone quark-antiquark operators i.e., operators without external 
operations which, generically, will be denoted by Or(KX, —kx). 

We will define the (off-cone) non-forward quark distributions of definite geometric twist as 
straightforward generalizations of the DAs discussed in Section r3.1l and lT^ bv writing the matrix 
elements of bilocal operators of definite geometric twist. Before discussing double distributions 
of geometric twist let us consider the most general parametrization of non-forward (off-cone) 
matrix elements: 

{P2,S2\Ov{nx,-Kx)\Pi,Si) =Kt{^) j DZe'''("^)^/a(Z,PiP,-,x2;^2). (3.3.1) 

We use the notation P = {P+, P_} and Z = {zj^, Z-} with P± = P2 ± Pi and z± = ^{z2 ± zi) 
thereby defining some (2-dimensional) vector space with scalar product PZ = ^ PiZt = P+z^ + 
P_z_. In addition, the integration measure is defined by DZ = dzidz20{l — zi)6{zi + 1)^(1 — 
Z2)0{z2 + 1). The support restriction for the double distributions reads: —l<Zi< 1. Here, 
/Cp(P) denote the linear independent spin structures being defined by the help of the (free) 
hadron wave functions and governed by the F— structure of the corresponding nonlocal oper- 
ator Or- For example, in the case of the virtual Compton scattering, there are two inde- 
pendent spin structures, the Dirac and the Pauli structure, /C^ = U{P2, S2)^^U{Pi, Si) and 



56 



/C2 = U{P2,S2)cr^^P'^U{Pi,Si)/M, respectively. Here /^(Z, PiPj, x^; /x^) are (renormalized) 
two- variable distribution amplitudes which have no definite geometric twist. The distributions 
are entire analytic functions with respect to (xPj). In addition these distributions are, in prin- 
ciple, the (off-cone) generalizations of the distributions given in Ref . |1U61 183j . 

Finally, let us comment on operators with external operations, i.e. when the (axial) vectors 
or the (skew) tensors are multiplied 'externally' by and/or 9". In these cases the 'external' 
vector or tensor x^c?" is assumed not to be Fourier transformed and the external operations 
have to be applied onto both sides of Eq. (|3.3.1|) . Thereby the tensor structure of these external 
operations matches with the tensor structure of /Cp which by itself are independent of the 
coordinates. Despite of this the external operations heavily influence the possible symmetry 
type of the local operators and their decomposition into irreducible tensor representations of the 
Lorentz group. 

Now, let us take into account that the non-local operators Oy-{kx^ —kx), formally, are given 
by infinite series of operators of growing (geometric) twist r, Eq. H2.2.22|) . By substituting the 
decomposition (|2.2.22|) into the representation (|3.3.1|) we get an analogous decomposition of the 
distributions /a(Z, PiPj, x^; ^2). 

oo 

/Cf(P)/a(Z,P,P,-,x2;^2) ^ ^ c|:)^'(x)/Cf,(P)/M(Z,P,P„:E2;;,2)^ (3_3_2) 

where /i^^(Z, PjPj, x^; /Li^) are distributions of geometric twist which still contain kinematical 
factors, like P^. On the other side, the non-forward matrix elements of operators with geometric 
twist r read: 

{P2,S2\oP{Kx,-Kx)\Pi,Si)=}Cm I DZe''^(^^)^/^)(Z,P,P„x2;^2) 

= V'^^fix, d^) /Cf,(P) j DZe''^(^'P)^ /M(Z; ^?). (3.3.3) 

In the second line of Eq. ()3.3.3() we used the explicite twist decomposition by the help of orthog- 
onal projectors (see Eq. (|2.2.2fl|) . In this way one is able to introduce distributions of geometric 
twist /i^^(Z;//2) which are independent form kinematical factors. Thus f'^\'L\jj?) are already 
determined by the decomposition of the non-local matrix elements on the light-cone. Also their 
renormalization properties are only determined by the light-cone operators. These distribution 
amplitudes f^\'L;^'^) depend from the distribution parameters zi and Z2, only. Therefore, the 
power corrections of the distribution amplitudes /i^^(Z, PjPj, x^; ^2) are related to the distribu- 
tions /i^^(Z;/i2) according to: 

/M(Z, P.P,-, x2; ^ j:(r)a' ^^^n),x\nf) fir\z- /.2), (3.3.4) 

where J^ji'^^ (((xPZ), x2(PZ)2) is uniquely related to the twist decomposition of the off-cone 
operators and contains the information about the power corrections of the distributions ampli- 
tudes. 

Let us now present the arguments leading to the r.h.s. of Eq. (|3.3.3() more explicitly. Namely, 
the non-forward matrix elements after performing the twist projection of relations (|2.2.14|) are 
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given as follows: 

{P2,S2\oP{kx,-kx)\PuSi) = {P2,S2\V^'^/ {x,dx) I d^pOr'{p)e'^^P\Pi,Si) 

= Jd^p(v^f\x,d,)e"'''p){P2,S2\Or'{p)\PuSi) (3.3.5) 
= I Bz{v^f\x,dx)e'<^^^^) /C^(P)/i-)(Z;/.2). 

Here, in the second line we simply reordered the operations of integration, taking matrix elements 
and twist projections appropriately. In order to get the third line we observe the symmetry in 
X and p of the local twist projections, V^^^^ {x,dx){xp)"' = V^^^ iP^'^p)i^P)"'^ from which one 
derives for the second line: 

E • • •^^") / d'p {v;^?''ip,dp)p,, . ..p,^){P2,S2\Or"n{p)\Pi,Si). 

Here, the integrand contains the matrix elements of the irreducible local operators of definite 
twist C'r^^j fi„(P^- Their reduced matrix elements /nin2i ni + n2 = n, which are related to 
the decomposition of {P2 + Pi)"" into independent monomials may be represented by (double) 
moments of corresponding double distributions fji'\zi, Z2) multiplied by the kinematical factors 

A^p(Pi,P2)- Finally, since p reflects the dependence of the (local) operators on after per- 
forming the integration and the resummation over n, p within the integrand simply has to be 
replaced by PZ. 

Formally, in the various experimental situations, in any Fourier integrand having the struc- 
ture of Eq. (|3.3.5|) . we only have to perform the following replacements (denoted by =): 

(A) In the case of non-forward scattering^ as just explained, we obtain 

{P2,S2\Ov{p)\Pi,Si)=lC'^{¥) j DZ<5W(p-PZ)/W(Z;^2)^ (3_3_g) 

(B) In the case of forward scattering, i.e., for Pi = P2 = P, the situation changes into 

{P,S\OT{p)\P,S)=mP) j dz5^'^\p-2Pz)fi^\z■^?), (3.3.7) 

with P+ = 2P, P_ = 0; z+ = z. These distributions f^\z,^'^) are obtained from the double 
distributions f!i'\z,^'^) by integrating out the independent variable z^, i.e., 

ft\z,fi') = I dz.f!f\z+ = z,z.■^?). (3.3.8) 

(C) In the case of vacuum-to-hadron transition amplitudes, e.g., for the meson distribution 
amplitudes one obtains 

(0|Or(p)|i^(P,A)) =^f(P) j de<^(4)(p-P0/^He;/x'), (3.3.9) 

with P2 = P; Z2 = ^. Obviously, the spin structures are different from the above cases and, by 
construction, only P and ^ occur. 
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From the foregoing discussion it is obvious that the target mass corrections to the various 
physical processes are completely determined by the twist structure of the bilocal operators 
0^\kx, —kx) = f df^p 0^\p) Q^'^^P . Performing matrix elements according to the replacements 
Eqs. (|3.3.6j) ~ (|3.3.9j) we obtain the related expressions for the S'-matrix elements of the physical 
process under consideration. Then, a further Fourier transformation with respect to the coordi- 
nate X leads to a representation of the scattering or transition amplitudes in terms of the inverse 
momentum transfer depending, quite generally, on PiPj/Q^. 



The technique of harmonic polynomials 

Now, we use the form of the harmonic extension in terms of Gegenbauer polynomials. This poly- 
nomial technique uses the vector x E as a device for writing tensors with special symmetries 
in analytic form |191 148L I49j . It has the advantage to be directly related to the irreducible tensor 
representations of the Lorentz group. Its group theoretical background as far as it is related to 
totally symmetric tensors has been given in Ref. |19j . 
The local operator according to (|2.2.15|) is given by 

0„+i(x) = V5(0)(x7)(ixB)"V'(0) = J d^p (V^T^V') (P) {xpT, (3.3.10) 

which shows that, in this connection, p formally replaces the covariant derivative D sandwiched 
between the quark operators. This local operator has a (finite) twist decomposition whose 
complete series will be given later on, cf., Eq. (|4.4.15|) . The twist-2 part is given by the harmonic 
polynomials |1211 [T^ (see Section E?T|l . 

0'-^,{x) = ^ t,\v^^' x^^tf On+i(x) ^ Pit (x) 0„+i(x), (3.3.11) 

fc=0 -1^+ )■ 

being characterized by traceless, totally symmetric tensors of rank n + 1 whose indices are 
completely contracted by x^^^ ■ ■ ■ x^"+^ . They obey the condition of harmonicity: □Oj^^\(x) = 0. 
Performing the derivatives, 

X^^n\^x){pxr = , {nx){p'x^)\pxT-''^ + ^M^^2(^p)(^2^2)fe-l(^^)n+l-2/c^ 

[n — lk)\ (n + 1 — lk)\ 

(3.3.12) 

and using the series expansion of the Gegenbauer polynomials (see, e.g., Ref. |112| . Appendix 
11.11), 

[-] 

we obtain 

px 



\Jp^x'^ , 

(iv^v)""cL.(-^)}. (3.3.4, 
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Eq. (|3.3.14|) is the analytic continuation from Euclidean spacetime — where the Gegenbauer 
polynomials obey the well-known orthonormality relations within the region —l<z<l — 
to the Minkowski spacetime where the arguments of the square roots and of the Gegenbauer 
polynomials, depending on whether and/or are space-like or time-like, may be imaginary 
and, furthermore, could take values outside that region. This, however, has no influence on 
the validity of the above result since these polynomials being entire analytic functions are well 
defined on the whole complex plane. 

Finally, according to the above mentioned interpretation of p as some kind of 'operator 
symbol' within the Fourier integral, Eq. (|3.3.14|) operationally has to be understood as if the 

polynomial inside the curly brackets had been written in terms of D instead of p and inserted 
into the operator ^/^(O)7^'0(O). 

We now use the formula (see, e.g., Ref. jll2j . Eq. II. 5. 13. 1.3), 

£7l5r^"(^^ = ^(^+^) gyr^)'^'^'j,_i/2(a7r^)e-, (3.3.15) 

n=0 ^ ^ ^ 

where (2i/)„ = 2i/(2z^+l) . . . (2i^+n— 1) = r(n+2z^)/r(2z^) is the Pochhammer symbol. Choosing 
z = {j)x)j \Jp^x^ and a = i^Jp^x"^ /2, Eq. p.3.14|) can be summed up according to Eq. H2.2.14|l 
to the bilocal operator of twist-2: 

0-2(Kx,-.x)=J]^0-\(.) 

n=0 



j d^p {il^^^ip) (p) (2 + xd) - ^ iKp^x^l (3 + xd) 



X Uy^ipxy -p'^xA J3/2 C^ViPX? -P'^x^) e^-^P^/^^ (3.3.16) 



-3/2^ 

The homogeneous derivations (c + xd) are required to compensate the factors (c + n) which 

are necessary in order to by able to introduce the Pochhammer symbols in the denominator. 

Obviously, for the second term in Eq. H3.3.14() . after shifting n ^ n + 1 in the series over n, only 

one additional factor is required. — Also here p has to be considered as a symbol replacing the 

covariant derivatives sandwiched between the quark operators. 

In order to show the main features of this formalism, we consider the forward as well as 

non- forward matrix elements. Let us now discuss the forward matrix elements of the twist-2 

operators (|3.3.14|) and (|3.3.16|) . The forward matrix elements are given by the reduced matrix 
(2) 

element /A times the irreducible tensor written in terms of the momentum P+ = 2P and using 
2P = X {P)^^U {P) . The final result can be written as 

{P\0'-^,{x)\P) = p(2)^(x) {x,U{Ph^U{P){2xPr} (3.3.17) 

The reduced matrix elements fn^ are given as the moments of a distribution f^'^\z) by means 
of a Mellin transformation, 

/(2) = j\zz^f<''\z). (3.3.18) 
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We obtain, after summing up over n, the following expression of the forward matrix elements of 
the non-local twist-2 operators 



{P\0''^^{kx,-kx] 



\P) =2^{Px) dz/(2)(z)|(2 + x5)-iKz^^|(3 + x9) 



2kz V(Px)2 - P23.2^ (^^,zyJ{PxY - P^x^'^ e''^'^'' . (3.3.19) 

If this expression is restricted to the light-cone, x"^ = 0, the well-known light-cone parton dis- 
tribution is obtained. Namely, using the Poisson integral for the Bessel functions (cf., Ref. PT] . 
Eq. II.7.12.7), 

we obtain = kz{xP)) 

{P\0''^\kx,-kx)\P) = 2{xP)V^ I dz/(2)(z) (2 + ^a5)(3 + C9g)(2e)-'/V3/2(e)e'« 

= 2(xP) j dzf^'^\z)j\tt{l-t){'i + tdt){2 + tdt)e^''^ 

= 2{xP) j d2/(2)(2) j\tt{l + tdt)e^''^ 

= 2{xP) J d^/(2)(^)e2i'^^(*^); (3.3.21) 

in the second line we introduced the Poisson integral after shifting the integration variable 
t — > (i -|- l)/2 and followed by changing ^d^ — > tdt, then we partially integrated two times 
retaining finally only the surface term at t = 1. As a result we arrived at the twist-2 parton 
distribution as introduced in [^2], f^'^\z) = F^'^\z), which coincides with fi{z) in the notation 
adopted by Jaffe and Ji [75] . 

More generally, when non-forward matrix elements are taken the argumentation is almost 
the same. But now, in the case of the local operators, there occur n + 1 different reduced 
matrix elements, /Am, related to the monomials < m < n which are obtained from 

(P2 -|- Pi)", and the corresponding non-forward matrix element reads: 

(P2|0*fi(x)|Pi) = ^ r /^?^(f7(P2)7^C/(Pl))Pfi(x2,52){x^(xPi)-(xP2)"--}. 
m=0 ^ ^ 



(3.3.22) 

(2) 

Now let us rewrite the reduced matrix elements /Am as the double moments of a double distri- 
bution f^^\zi,Z2), 



f^i = dz, I' dz2 zrzr"'f^^Hz,,Z2). (3.3.23) 

After resumming w.r.t. n and rewriting f^'^Hzi,Z2) = F^\z^, Z-) we finally arrive at the ex- 
pression for the non- forward matrix element of the nonlocal operator O { 

(P2|0**2(kx,-kx)|Pi) = VvrC/(P2)7^t/(Pi) j BZF^^\z)^x^ {2 + xd) - hnF^Zx^Y^ + 

X (^K^/{xny - x^FZ^y^^^ J3/2[^V{x^^y - x2(PZ)2) e'""^™/^ . (3.3.24) 
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This holds in the case (xPZ)^ — x^¥7? > 0, otherwise we have to change into Ii,{z). 

From this approach it becomes also obvious that the mass corrections of different physical 
processes are related to each other if they can be traced back to the same operator content. 
In the following we use this polynomial technique to determine the local as well as nonlocal 
quark operators of definite twist. Thereby, we generalize Nachtmann's approach not only to 
non-forward matrix elements of (non)local operators. In addition we consider also the case of 
more general tensor operators having nontrivial symmetry types. 

3.3.2 Power Corrections of non- forward matrix elements 

In this Section I will give the resummed matrix elements of kinematical mass corrections in the 
x-space for the virtual Compton scattering and for exclusive processes with vector as well as 
(pseudo) scalar mesons by means of harmonic operators considered in the preceding Sections. 

Double distributions from quark ant iquark operators with definite twist 

In order to obtain the non-forward matrix elements for the quark-antiquark operators with 
definite twist r we have only to take matrix elements of the expressions given in the last Section 
and to use formula (|.3..3.6j) . The spin-dependence of the hadronic states \Pi,Si),i = 1,2, is 
completely contained in the independent kinematical structures /Cp(P) being relevant for the 
processes under consideration, e.g., the Dirac and the Pauli structure U{P2, S2)'^^U{Pi, Si) and 
U{P2, S2)cr^,^P!^U(Pi, Si)/M , respectively, in case of the virtual Compton scattering. 

Let me now give the final expressions for matrix elements of nonlocal as well as local operators 
up to twist-3 which are relevant for the power corrections of the various processes. For the 
non-forward matrix element of the nonlocal twist-2 vector operator, Eqs. (|4.4.48|) with (|4.4.44|) 
obeying the replacement (|3.3.6() . one gets 



{P2,S2\0'^^{kx,-kx)\Pi,Si) =/C;i(P) j DZFj^^\Z)da j^dtl^x''{2 + xd) - ^i^t (P'^Z): 

X {3 + xd) n2in\ntx) 
= /C;^(P) J DZF^iZ) J^dt{2 + xd) 1^ {3 + xd)6^-iKt{¥''Z)xa n2{n\Ktx) 

(3 + xd) ( (4 + xd)iKt (P„Z)x^ - -{mt)'^ {{¥Z)'^x''xa + (P''Z)(P«Z) x^) 



+ 7(iKt)^ {F^'Z){FZ)^Xax'^]n3i¥Z\Ktx) }. (3.3.25) 



The corresponding local matrix element of the twist-2 operator, Eq. (|4.4.47|) . with (|4.4.43|) reads 

(P2,52|OS;2(x)|Pi,5i) = ^-^/C^(P) J DZrPiZ) S^d^!,hl{FZ\x) - (P^Z)x„/iLi(PZ|x) 
+ 2x^(P„Z) hl_^{FZ\x) - {xf'xaiFZ)^ + (P^'Z)(P„Z)x2) hi^^i^Zlx) 

.i(P-ZK.^,PZ)^e,(PZw}. (3.3.2.) 

For the matrix element of the nonlocal operator (|4.4.5Uj) and local one (|4.4.49|1 . respectively. 
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we obtain 

{P2,S2\0':''{kx,->,x)\PuSi) = 2/C^(P) I BZF^iZ) j\t x^{,5f„a^] {I + xd) - x^^d^^d''] 

X ni{wz\Ktx) 

= /C»(P) j DZF^iZ) {2 + xd) j\txPl^[2iKt5l{¥p^Z){2 + xd)-{iKt)Hlxp^{n) 

-iKtX[„(P^]Z) 2iKt (P^Z) (5 + - (iKt)2x''(PZ)2 H3(PZ|Kte)|, 

(3.3.27) 

2 



(P2,52|Or(x)l^'l,5; 



(n + l)2 



/C^(P) / DZFi3)(Z)x/^ 2(n + l)<5f„(P^]Z)/i2_i(PZ|x) 



+ (n + 2) X[,<5^](PZ)2 hl_^{n\x) - 4x[„(P^]Z)(P^'Z) hl^^{¥Z\x) 

+ 2x[„(P^]Z)x''(PZ)2 /i3__3(PZ|x) I. (3.3.28) 



In the case of the axial vector operators 0'^^{ ) the kinematical structures /C5^(P) 

contain an additional 75 and the double distributions should be denoted by G^\z) but the 
formal structure will be the same. 

The non- forward matrix elements of the nonlocal twist-3 chiral-odd scalar operator, Eq. H4.4.52p . 
reads 

(P2|iV*"^(Kx,-Kx)|Pi) =IC''{F) j DZEi^\z) (l + xd) Wi(PZ|kx), (3.3.29) 
and of the local one 1)4.4. 511) 

(P2|iV*™^(x)|Pi) =/C''(P) f T>ZEf\Z)hi{n\x). (3.3.30) 



The non-forward matrix element of the nonlocal twist-2 chiral-odd skew tensor operator, 
Eq. (|4.4.54|1 . is given by 

(P2,52|Mp|](Kx,-Kx)|Pi,5i) = 2/Cf^,](P) j BZHi^\z) j\tt 

X |(2 + xd)5'^^dp^ - X[„a^]a''} x" (3 + x5) - ^ mt {F''Z)x'^ n2{n\Ktx), (3.3.31) 
and of the corresponding local operator (|4.4.53|) reads 



(^2,52|Mf-^]Jx)|Pl,5l) 



(n + 2)(n + 1) 



am 



^X[,a^]94/Cf^,](P) / DZi/(2)(^) 



n + 2 



X f^x^hliPZlx) - ^ (P''Z)x2/i^_i(PZ|x)}. (3.3.32) 
The related nonlocal twist-3 operator, Eq. 1)4. 4. 56(1 . and local one (|4.4.55p . respectively, reads 
(^^2, 52|Mf-| {kx, -kx)|Pi, 5i) = 2/Cf^,] (P) I DZ (Z) X[,a^] i/^ (P^Z)x'^(2 + xd) 

X [ dtn20?Z\Ktx), (3.3.33) 
^0 
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(3.3.34) 

Additionally, the non-forward matrix element of the independent nonlocal twist-3 skew ten- 
sor, Eq. H4.4.58() . and local operator 1)4. 4. 57^ . respectively, reads 

(P2,52|M*:|(kx,-kx)|Pi,5i) = 3^f^,](P) J BZHi^\Z) [si^Jf^d^^xd - 2 6^^xpd^]d''] 

/■I l-t^ 

x(l + x5) / dt——ni{FZ\Ktx), (3.3.35) 
Jo 2t 

{P2,S2\M{:^^jx)\PuS,) = ^ |<^f^5;^9,]x5- ^<^f^x^a,]a'^|^f^,](p) J DZi?f)(z)/ii(pz|x). 

(3.3.36) 

Now, some remarks are in order. First, as indicated, different tensorial structures of the 
operators lead to different kinematical structures. In the forward case they simplify or eventually 
disappear, e.g., the Dirac structures are to be replaced by and for the vector and axial 
vector case, respectively, whereas the Pauli structures vanish. In the forward case we obtain 
from Eqs. (|3.3.26() . (|3.3.28() . and (|3.3.3U() and the replacement x — > g the matrix elements of the 
local operators in the g-space {PS\0^^^^{q)\PS), {PS\O^J'^^{q)\PS), and {PS\N^''^{q)\PS) which 
are in agreement with Wandzura's forward matrix elements in the g-space (see Eqs. (C.6), (C.9), 
and (C.l) in Ref. [122). 

Second, going on-cone the double distributions remain the same. Therefore, their evolution 
is determined by the anomalous dimensions resulting from the renormalization group equation 
of the corresponding light-cone operators of geometric twist. 

Furthermore, we have to mention that - contrary to the case when the non-forward matrix el- 
ements are restricted to the light-cone where the decomposition of the non-local quark-antiquark 
operators into operators of definite twist terminates at finite values T^ax ~ the off-cone decom- 
position results in an infinite series of any twist. 

Mass corrections of vector meson distributions 

In this Subsection I extend the analysis of the /o-meson DAs to include all meson momentum 
resp. mass terms of harmonic twist-2 and twist-3 off-cone operators in order to get the meson 
mass corrections to the results obtained in Section f3. 21 Vector meson mass corrections of order 
x^ were already discussed by Ball and Braun |I5j and resummed meson mass corrections in the 
scalar case was given by Ball ^Hl (see also Ref. [TT1). 

The structure of the mass corrections of p-meson DAs of geometric twist are, from the group 
theoretical point of view, similar to the target mass corrections in deep inelastic scattering, which 
can be resummed using Nachtmann's method 'lUZj. The main tool, in order to obtain the mass 
corrections, are the harmonic operators of definite geometric twist which have been determined 
in Section 13.21 Obviously, they are the harmonic extensions of the corresponding light-cone 
operators which I have already used in Section 13.21 for the classification of the corresponding 
meson light cone DAs with respect to geometric twist. 

Let me now introduce the distribution functions for the harmonic operators of geometric 
twist sandwiched between the vacuum and the meson state, (0|o{r^(x,-x)|/>(P,A)). Thereby, I 
adopt again the definitions of Chernyak and Zhitnitsky 42, in the terminology of Ref. jl4j . As 
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usual, these matrix elements are related to the momentum Pa and polarization vector ei^^ of 
the meson with helicity A, = m^, (e^'^^e^^^) = -1, (Pe^'^^) = 0. 

First, we consider the chiral-even vector operator. Using the twist projections ()4.4.4U|) we 

(t) 

introduce the moments of the meson DAs, % of twist T as reduced matrix elements according 
to 

(0|OW(x)|/,(P, A)) = /pm.pW^ (ef\Pxr<l>i^^) , (3.3.37) 

where fp is again the vector meson decay constant. The corresponding meson distribution 
amplitudes ^*'-^^(^) are given by inverting the moment integral, 

$W = y der^^^^(6, ^ = u-{l-u) = 2u-l. (3.3.38) 

These distribution amplitudes are dimensionsless functions of ^ and describe the probability 
amplitudes to find the /o-meson in a state with minimal number of constituents (quark and 
antiquark) which carry the momentum fractions u (quark) and (1 — u) (antiquark). 

Taking into account expression (|4.4.47|1 we obtain the local twist-2 matrix element in the 
x-space as follows: 

(0|Or(x)|p(P,A))= (3.3.39) 
= (n + i)2 /prnpC^(^){eW/t^(P|x) + 2P^(e(^)x)/iLi(P|x) -m^x^(e(^)x)/iL2(^k)}, 

which is analogous to Wandzura's expression, {PS\0^^{q)\PS) , (Eq. (C.6) in \l'24\ ) for the 
target mass corrections in deep inelastic scattering in the q-space. After resummation we get 
the bilocal matrix element of geometric twist-2: 

{0\O':'^{x,-xMP,X)) = fpmp dt y"'^d^l>(2)(e)(3 + ^5^)(2 + ^5^) (3.3.40) 

eW7^2(Pel^x) + (^{4 + Cd^) mPa - ^(iet)2m2x„)(eWx)W3(^e|te)|. 

The trace subtraction of the twist-2 operator give rise to the so-called "kinematical" target-mass 
corrections. For the forward-scattering case, contributions of this type have been considered by 
Nachtmann. For the vector and tensor operators, we obtain mass corrections which are propor- 
tional to Xa ^ and terms proportional to x^ which are resummed to Gegenbauer polynomials 
(local operators) or Bessel functions (nonlocal operators). 

An analogous calculation using expression H4.4.49() gives the local twist-3 matrix element 

(0|O^,-3(a;)|p(P,A)) = ^^^/pmpCi>(3):,/5|eWp^]/it 

+ ^^rnlx[aPp]{e'^^^x)hl_^{P\x)}, (3.3.41) 

which is close to Wandzura's expression, {PS\0^r^^{q)\PS) , (Eq. (C.9) in [121]). Additionally 
the resummed bilocal matrix element of twist-3 reads 

(0|Ojr'(^,-^)|p(^,A))=/,m,|'^d^c|(3)(^)(2 + e9g)x'3|2(ie)eg)^ 

+ rnl j\t{(\itfx^J^:^n2{Pi\tx) + (iCt)3x[,P^](eWx)W3(mix))|. (3.3.42) 



^This kind of mass corrections survives on the light-cone (see trace terms in Section [3.21 . 
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It is well-known that the twist-3 operator 0^'^{x, —x) is related to other twist-3 operators con- 
taining total derivatives and operators of Shuryak-Vainshtein type by means of QCD equations 
of motion j^lEl- Therefore, the matrix elements (|3.3.41j) and (|3.3.42jl include the contribution 
of the twist-3 operator containing total derivatives which is as large as those from twist-2 (see 
also |17| ^ and also give rise to so-called "dynamic" mass corrections. Dynamical mass-corrections 
have so far only been considered for the exclusive case, Ref. jl5j . In addition the next higher 
twist contributions of the chiral-even vector operator are of twist-4 which also contain dynamical 
mass corrections. They act in the same direction as the mass corrections of twist-2 and twist-3 
operators (~ Xa and ~ x^). 

Now we consider the chiral-even axial vector operator O^ani-c) with the same twist projectors 
(|4.4.40)) as for the chiral-even vector operator Oa„(x). We define the corresponding moments of 
the meson DAs H„ by 

(O|o£l(x)|/>(P, A)) = - (e/^^eWp,x.(Px)"HW) , (3.3.43) 

where fj denotes the tensor decay constant. First, we observe that the twist-2 contribution 
vanishes. The nontrivial local vacuum-to-meson matrix elements of this axial vector operator 
are of twist-3: 

(0|O^:^(x)|p(P, A)) = - fJ^^^^^^)m,eJ^-^ef^P,x.E(^^hi{P\x), (3.3.44) 

and the bilocal matrix element of twist-3 reads 

{^\Ot\x,-x)\p{PA)) = l(U-fJ^^^^^)m,ef^-^ef^P,x^ f {I + ^ 

X ni{Pi\x). (3.3.45) 

By the way the twist-4 matrix element also vanishes and the next higher twist contribution would 
be of twist-5. Also here, the matrix elements ()3.3.44jl and (|3.3.45|) include the contribution of 
the twist-3 operator containing total derivatives. 

The matrix element of the chiral-odd scalar operator (see Eq. (|4.4.41jl ) is defined as 

m'n\x)\p{P,\)) = -ite - /p^^^^^^)m^Pf ((eWx)(Px)"T(3)) , (3.3.46) 

\ rvh p ^ ^ ^ 

(3) 

where T„ is the moment of a spin- independent twist-3 distribution function. Using expression 
H4.4.51|) the local matrix element is given as 



{m'-\x)\p{P,\)) = - fp 




(3.3.47) 



and for the bilocal matrix element of twist-3 we obtain 

{^\N'-\x,-x)\p{^P,X)) = -i(/J - /p^^^^^) (eW:r)m2 j'^d^fi^HO {I + ^d^)n^{PC\x). 

(3.3.48) 

The next higher twist contributions of the scalar chiral-odd operator are of order twist-5. 
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Now, we consider the matrix elements of the chiral-odd skew tensor operators. Using 
Eq. ()4.4.42|) . the corresponding moments of the wave function may be introduced according 
to 

(0|M^„(x)|p(P, A)) = ifJvlX ((4'^^- - ^^"^^z^) • ^^-^-^^^ 

The local matrix element of the skew tensor operator of twist-2, performing the differentiations 
in the expression ()4.4.53() . is given by 



(0|Mp|jx)|p(P,A)) = i/J*(2) ef^)p^]/i^(P|x) + ^,^^mlx^J^^hl^,{P\. 



2 

+ . . 1' , .. (4x[,ey/iti(P|x) - (2x[,eg)(Px) +4x[„P^](eWx))/iL2(^k) 



(n + 2)2(n+ 1) 



+ l2xy^Pp^{e^^^x)hi_^{P\x) - 6x[,P^](eWx)(Px)/i^_3(P|x)} [, (3.3.50) 



and the resummed bilocal matrix element of twist-2 reads 

-1 



(0|Mf-|(x, A)) =^fj j ^(2) (4) (3 + Cd^) |2 (2 + ^d^) e[i)p^]?^2(PC| 



+ m? [ dtt 
Jo 



(1 + ^d^) mx[J^^n2{PC\tx) (3.3.51) 



+ (2 (4 + eSg) mx[Jf^[> - m'i^lae'^fiiHPx) + 2x[„P^](eWx))) W3(mix) 

+ (2 (5 + ^d^) (4 + Ca^) (iCi)2x[„P^](eWx) - (4 + eSg) (iet)3x[,P^](eWx)(Px))7^4(^'e|te) 



The local matrix element of the skew tensor operator of twist-3 is obtained from 1)4.4.55^ as 
follows: 



(0|Mf|jx)|/;(P,A)) = - ^^^^^^^ i/p^^(f^m^{x[,e{,-;^/iLi(P|x) + 2x[,P^](e(")x)/it2(^k)}, 

(3.3.52) 



and the corresponding bilocal matrix element reads 



Ut '-^ 



(0|Mf|(x,-x)|/,(P,A)) = -2i/>2 _ j dii>^^\i){l + id^) 

X { {\it)x[Jp^n2{Pi\tx) + (3 + id^) {iitf^yaPp] (e(^)x)W3(Pe|te)} . (3.3.53) 



The next higher twist contributions of the skew tensor operator would be of twist-4. Again, the 
matrix elements (|3.3.47|) . (|3.3.48jl . (|3.3.52|) and (|3.3.53|) include the contribution of the twist-3 
operator containing total derivatives. Let us note, that the contribution of the additional twist-3 
operator, Eq. (|4.4.57j) . vanishes. 

Finally, we remark that after projection onto the light-cone the matrix elements, which have 
been introduced in Section (|3.2|) . are recovered. This can be easily checked by using the expansion 
of the Gegenbauer polynomials or the Poisson integral representation of Bessel functions. Let 
us point to the fact that the x^— dependence is contained in the polynomials h':^{P\x) and the 
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functions TC^{P\x) in the case of the moments and the wave functions, respectively. Since the 
latter is given by 

2Tiu)n,iP\x) = 4" j^^ dt(l - t2).^-igi(Px)(i+Vi— ^-V(P-)^)/2 (3 3 54) 

one would obtain a fairly simple expansion in powers of m'^x'^ /{Px)'^ . Because the meson DAs 
of definite twist are independent from any coordinates or momenta, they coincide on-cone and 
off-cone. The whole information about the power corrections is contained in twist projection of 
the operators from which the matrix elements are taken. 

Trace-subtractions of leading twist operators give rise to the so-called "kinematical" (or 
rather geometric) mass-corrections. They are formally analogous to Nachtmann corrections in 
inclusive processes. Operators of higher twist can be decomposed into operators containing total 
derivatives and quark-quark-gluon operators of Shuryak-Vainshtein type entering by the EOM. 
The contributions of operators with total derivatives is a specific feature in exclusive processes 
as well as in off-forward scattering, which make the structure of these corrections much more 
complex. Numerically, these corrections turned out to be relevant. We conclude that, at least for 
exclusive vector- meson DAs, a resummation of mass-corrections induced by trace-subtractions 
in the leading twist matrix element and the higher twist operators containing total derivatives 
are relevant for a good approximation. 

Mass corrections of pion distributions 

Amplitudes of processes involving pseudoscalar mesons (pions) can be expressed in terms of 
matrix elements of two-particle operators sandwiched between the vacuum and the meson state 
{0\u{x)TU{x, —x)d{—x)\TT{P)) . We are now in particular interested in pion-mass corrections. 
In contrast to the vector mesons, the matrix elements of the pion are just related to the pion 
momentum P with P^ = where m,r denotes the pion mass. Therefore, the DAs of pions are 
given by totally symmetric harmonic operators. Because no asymmetric Young tableaux give a 
contribution we can carry out the classification of the DAs by means of the totally symmetric 
scalar two particle operators of any twist. Thus we are able to make a classification of pion DAs 
up to infinite twist. 

We start with the two particle DAs of minimal twist. The light-cone matrix-element of the 
pseudo scalar operator of twist-2 reads [321 OH 

(0|Or2(x,-x)K(P)) =i^(P5) y"^de#(Oe^«''^ (3.3.55) 

where {^) is the twist-2 DA. 

Using Eqs. (|4.4.18|) and (|4.4.19|) . we are able to give the following (infinite) twist decompo- 
sition of the corresponding operator and of the DAs as follows 

{Omx,-x)\n{P)) = {0\Or\x,-x)\7r{P)) 

+ E 4,-j-!(j-_l)! I dtt{l-ty-\0\oT^'^''\tx,-tx)\n{P)), (3.3.56) 
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with 

X (3 + e55)W2(Pe|ix)-2j^(l + e95)Wi(Pe|te)|. (3.3.57) 

Here 0i^+^^')(e) is a pion DA of twist r = 2 + 2j. The harmonic twist-2 operator is obtained from 
Eq. (|3.3.57j) by setting t = 1 and j = and gives the pure kinematical target-mass corrections. 
The hght-cone matrix-element of the pseudo scalar operator of twist-3 is given by j32] 

{0\N}rHx,-x)\7T{P)) = /'de0(3)(^)gi«P5_ (3 3 58) 

ruu + rud J -I ^ 

The (infinite) twist decomposition of the bilocal scalar operator N^{x,—x) = u{x)i'y5d{—x) 
into harmonic operators N^^^^'^'^^^x, —x) of twist r = 3 + 2j, j = 0,1,2,..., is given by 
Eqs. (|4.4.7|) and 1)4.4.8^ and reads 

{0mx,-x)\7riP)) = {0\Nt'{x,-x)\7TiP)) 

oo 2j fl 

+ E 4,j!(j_i)! I dtt{l-ty-\0\Nl-^''-''\tx,-tx)\7riP)), (3.3.59) 

with 

(0K(3+2^)(tx,-tx)|vr(P)) = I'da^^^'^HO i-miey il+0^)miPC\tx). 

rriu + rud J_i 

(3.3.60) 

Eq. ()3.3.60() is the generalization of Ball's ^S] pion mass corrections of leading twist for any 
twist. These higher twist operators give also rise to dynamical target-mass corrections. 
Another twist-3 light-cone matrix element is given as 



{0\M^j:^%{x,-x)HP)) = ^Z^"""' . /'dC,^(3)(^)^i5P.. (3.3.61) 

Using the parametrization of Eq. H3.3.61() together with Eqs. 1)4.4.21^ and 1)4.4.22(1 . we finally 
get the infinite twist decomposition: 

(0|M5(x, -x)|7r(P)) = {0\MtHx, -xMP)) (3.3.62) 

oo 2j fl 

+ Ei7-!^3T)! X dtt(l-i)^'-^0|Mr^^+2^'^(te,-te)|vr(P)), 

with 

,tw(3+2i). ^^\i„rr>\\ _ -^^"^^ '"^ 



{0\Mr^'^'^\tx, -tx)HP)) = ^ / da^^'^Hi) {-miey {{Pxf - mlx^) 

o{niu — md^ ' 



1 

X (2 + 0^) (3 + ^d^) n2{Pi\tx). (3.3.63) 



Again these higher twist operators contain also dynamical target-mass corrections. 

Let me, additionally, note that the formal structure of Eqs. p.3.57|l . (|3.3.6U|) and ()3.3.' 
is, up to the factor {—m'^^'^y , the same for any twist. 
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3.3.3 Conclusions 



In this Section, we introduced a general procedure of parametrizing non-forward matrix ele- 
ments of off-cone QCD operators Ori^x, —kx) in terms of two-variable distribution amplitudes 
f!f\'E) of well-defined geometric twist r, namely, single variable hadron distributions, double 
distributions etc.. 

The procedure relies on the unique twist decomposition of non-local operators off the light- 
cone leading to an infinite series of operators with growing twist. This decomposition is com- 
pletely of group theoretical origin and is equivalent to the decomposition of the local operators 
into irreducible tensor representations of the Lorentz group. 

Using these results we determined the off-cone power corrections to various double distri- 
butions and the vector as well as scalar meson distribution amplitudes being the inputs of the 
corresponding scattering amplitudes and hadronic form factors, respectively. These power cor- 
rections, in the case of local operators, are expressed in terms of Gegenbauer polynomials being 
multiplied with the moments of the distribution amplitudes and, in the case of non-local op- 
erators, in terms of Bessel functions now multiplied with the distribution amplitudes directly. 
Accordingly, the off-cone expressions are obtained from the on-cone ones by harmonic extension. 

Concerning the computation of the scattering amplitudes of physical relevance some Fourier 
transformation has to be carried out whose result mainly depends on the (singular) coefficient 
functions as well as on the Gegenbauer polynomials or Bessel functions (see Appendix ID)) . 
The easiest way to calculate the power corrections of scattering amplitudes is to use the local 
operators in terms of Gegenbauer polynomials in the g-space. The currently most interesting 
example is the (deeply) virtual Compton scattering. 
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Chapter 4 



The twist decomposition of nonlocal 
tensor operators 

In this Chapter we give the exphcite twist decomposition of (non)local operators on the hght 
cone as well as off-cone. In Section [4. II we discuss the basics of irreducible tensors with respect 
to the Lorentz and rotation group in 2/i-dimensional spacetime {2h > 3) in the framework of 
polynomial technique. We are using the harmonic irreducible tensor polynomials with /i = 2 in 
order to rewrite harmonic operators in terms of Gegenbauer polynomials and Bessel functions 
in Section 14.41 We have used these harmonic operators in Section 13.31 to calculate the power 
corrections of distribution amplitudes with definite geometric twist. In Section [4.21 we decom- 
pose a general bilocal tensor operator of second rank. In this connection we derive the twist 
decomposition of the light-cone operators Oainix, K2x) and M[q,^] (kix, ^25;) which we used in 
Section f3 . 1 1 and f3 . 21 In Section [4.31 we discuss the twist decomposition of trilocal and multilocal 
operators on the light-cone. 

4.1 Irreducible tensor polynomials and harmonic extension in 
2/i-dimensional spacetime — polynomial technique 

The objective of the present Section is to use the polynomial technique for symmetric tensor and 
some asymmetric tensor representations of the orthogonal group as well as the Lorentz group 
in 2/i-dimensions {2h > 3). By means of the polynomial technique we can use a 2/i- vector as a 
device for writing tensors with special symmetries in an analytic form. 

In order to construct irreducible vector and tensor polynomials corresponding to irreducible 
tensors with special Young symmetry, we generalize the homogeneous polynomial technique 
which is well-known for the scalar case in constructing irreducible symmetric tensor representa- 
tions of the orthogonal group SO{2h, C). 

o 

(i) Let us now consider a symmetric traceless tensor T^^...^^ corresponding to the Young 
tableau I " I . Such tensors are, for the group S0{2h,C), in one-to-one correspondence with 
harmonic polynomials of the complex 2/i-vector 

Tn{C)^e'---e"T^,,„^^, CeC^^ AT„(C) = 0, (4.1.1) 
or, equivalently, with their restriction Tn{z) on the complex light cone K2h{C): 

Tn{z)^z^^---z^-T^,...^^= Wu. TniC). (4.1.2) 
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Then, the space of (complex) harmonic polynomials T„(C) and the space of homogeneous poly- 
nomials Tn{z) on the complex light cone provide convenient realizations of the carrier space 
of irreducible finite dimensional symmetric tensor representations of the group SO{2h,C) (see 

Ref. uni). 

For symmetric tensor representations of the group SO{l, 2h — 1) the elements of the carrier 

o 

space are harmonic (more strictly: n-harmonic) polynomials of degree n, Tn{x), with respect 
to the real 2/i- vector x, iff 

DTnix) = 0, xe M^^ (4.1.3) 
or, alternatively, their restrictions Tn{x) on the real light cone K2hO^)- The tensor represen- 

o 

tations T„(C) and Tn{z) of SO{2h,C) are equivalent to the analytic continuation of the repre- 

o 

sentations Tn{x) and Tn{x) of SO{l,2h — 1), respectively. In the following we consider finite 
dimensional representations of the group 5*0(1, 2h — 1). 

o 

Let us now regard the equivalence between the representation Tn{x) and Tn{x). For this we 
note the decomposition of any homogeneous polynomial in the form 

Tn{x) = Tn{x) + x'Tn-2{x), T„(x) G W^M^ (4.1.4) 

where T„(x) € T^^^*'" is a homogeneous polynomial of degree n in x. On the light cone, the 
value of any polynomial coincides with the value on the cone of a uniquely defined harmonic 
polynomial. This establishes an isomorphism between the coset space Ti?^'"^ / x'^Ti?^''^~'^ and the 
space Tf^^"^. 

By means of the extension T„(x) for any polynomial Tn{x) on the light cone, the harmonic 
extension is defined by 

□r„(x) = o, r„(x)U2=o = r„(x)U=i.. (4.1.5) 

Therefore, the harmonic extension establishes an one-to-one relation between homogeneous poly- 
nomials on the light-cone and corresponding harmonic polynomials off-cone which provide a 
convenient realization for symmetric tensor representations of the Lorentz group and the same 
is valid for tensor polynomials carrying more complicated tensor representations of the Lorentz 
group. It is important to note that the unique harmonic extension must not destroy the type of 
Lorentz representation. 
The solutions of 

□r„(x) = 0, (4.1.6) 

are (scalar) harmonic polynomials of order n corresponding to symmetric traceless tensors of 
rank n {Tn{x) = Tn yx)). They are given by (see, e.g., [121j . Chapter IX) and [T9] ) 



Tn{x)=V'^\x)Tn{x), (4.1.7) 
with the harmonic projection operator 

[-] 

A:=0 A "T )■ 
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Therefore, the unique harmonic extension Tn{x) of T„,(x) is uniquely given by (|4.1.7|) and ()4.1.8() . 
Additionally, the restriction of Eq. (|4.1.8)) to the hght cone is vl%'\x) = 1. The condition of 
tracelessness (|4.1.6p is trivially satisfied on the light cone by SP' = 0. For r„(i) = (ax)" the 
harmonic extension can be rewritten as 

"• (2ft + 2ii-3)! V ) " \VA?J 

^IVavYct^i^), (4.1.9) 



(h-l)„\2 j " \VA!J' 

(h-^ h--) 

with {h — l)n = T{h — 1 + n)/T{h — 1). Here Pn ^' ^ are the Jacobi polynomials and C^~^ 

1/2 

are the Gegenbauer polynomials of degree n. Note that in three dimensions Cn coincide with 
the Legendre polynomials. 



A vector polynomial of degree n — 1 in x for the Young tableau l"l "-i I is recovered by 
straightforward differentiation as 

4 g '-'Xk.?;- 2i,''' + " - ^ - ^)^. - I ^ j} ^'T.i^)- (4.1.10) 

The conditions of tracelessness are now given by 

d^T^^lUx) = 0, OT^lUx) = 0. (4.1.11) 

On the light-cone, the vector polynomial of degree n— 1 in x is obtained from A: = in Eq. (|4.1.1U|) 
as follows 

= „(/.+'„- 2) '''-^"'">- 

where the inner derivative da, as a lowering operator on the light cone by construction, maps 
the scalar polynomial of degree n to a vector polynomial of degree n — 1. The condition of 
tracelessness on the light-cone can be formulated by the help of the inner derivative: 

d"T^li(i) = 0, (4.1.13) 

and is easily proved by the property d^ = 0. The harmonic extension of ()4. 1.12(1 is given by 

where the harmonic projection operator of vector polynomials of type [n] = (n) is defined by 
Pili(x) := {h + n - 2)daVi-\x) 
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and where the differential operator, 

Va{k) :={h-l + k + xd)da - ^ x^^D, (4.1.16) 

can be understood as a formal off-cone modification of the interior differentiation d^ which gives 
in the limit k = and x —>■ x the interior differential operator (Dq,(0) = da and V^_i{x) = 
da)- The prescription for the harmonic extension is: Replace the interior derivative da by 
the differential operator T>a{k) which has to be sandwiched in the scalar harmonic projection 
operator of the corresponding polynomial degree between x^'^ and so that in the limit A: = 
the projector of the Lorentz spin on the light-cone is recovered. 
The generalization of H4.1.12|) is 

and its harmonic extension is given by 

r(") (x)- + (n) U)Tix) f4 118) 



where 



["-!] 



fc=0 



4^A;!(/i-hn-2-/) 



(ii) Now we consider an irreducible tensor ^ having the symmetry type of the 

Young tableau H 

In order to obtain an irreducible tensor, it has to be: 

(a) traceless in /ii • • • 

(b) traceless in one antisymmetric and one symmetric index. 

Using the polynomial technique we replace T^-"^'}) by a homogeneous polynomial of degree 

n — 1 in X. Then we can build the tensor polynomial carrying the required symmetry by means 
of 



l5]n-l(^) = ^ d[pTa]n{x), (4.1.20) 



where T^n{x) has to be harmonic and traceless. Let me note that the condition of the correct 
symmetry type can be formulated as 

= 0. (4.1.21) 
The conditions of tracelessness for the irreducible tensor polynomial are given by 

= 0, d'-Tl^'^-.i-) = 0, (4.1.22) 

o 

and can be reduced to the conditions of tracelessness for T^„(x): 

UTanix) = 0, 5°r„„(x) = 0, (4.1.23) 
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resulting from (a) and and (b), respectively. We make an Ansatz with the special structure of 
traces of this tensor as follows: 

T^.n{x) = {5"^ - a„x^9" - ft^.x^S^S"} V^^\x)T,n{x) . (4.1.24) 
From the conditions of tracelessness (|4.1.2:-{j) we obtain two equations for the coefficients an, bn- 

1 = (2/i + n- l)a„ + 2(n- 
= an + 2{h + n - 2)bn. 

The unique solution is: 

h+n-2 , 1 

On 



(/i + n- l)(2/i + n-3)' 2(/i + n - l)(2/i + n - 3) ' 

Then the harmonic and traceless vector polynomial is (not irreducible): 

^ ( ^ (j^u h + n-2 

(/i + n-l)(2/i + n-3)^'^'^ 

+ 2(/. + n-l)(2/. + n-3) -^"-^1^""^^-)^-(-^- ^'-'-''^ 

Finally, using H4.1.2U() and (|4.1.25() we obtain for the irreducible representation of type [n + 1] = 
(n, 1) as tensor polynomial of degree n — 1: 

[-] 

r("'|) ^ (x) = ^|<^r dm - -T-^ — y ^"V'/l^''"^;,^^' x'>^n%n{x), 

[Q/3]n-iV J „ + [a /^J 2/i + n-3 J ^ 4^A;!(/i + n-2)! " 



rn-li 



n + 1 ^ 4'=A:!(/i + n-2)! \ ["V^ ^ /^l 2 v 

- 2h + n - 3 ""["^^l ({h + n-k- 2)d^ - ^ x^d) |n%„(x), (4.1.26) 

and the irreducible representation of type (n, 1) as tensor polynomial of degree n — 2 is obtained 
from Eq. 1)4.1. 26^ by means of partial differentiation with respect to the index 7 

^ [al3\')n-2y-^ ' ~ ^T"' [a/3]n-l '^'^^ ' 

^ (-l)fe(/i + n-fc-2)! 
^Z. 4fcA:!(/. + n-2)! ^ 



r n— 1 

(-l)'=(/i + n- A;-4)! ofef././/, , o^o 1 ^ 

g 4U(/. + n-2)! ^ {'^& ((/^ + - - ^ - 3)5,1 -r^P 



{n + l)(n - 1) 



X (^{h + n — k — 2)d^ — ^ x-^D^ 
2/t + n - 3 1^'^'" ((/i + n - /c - 3)9^] - ^ x^p^ + x^^dp] {{h + n - k - 3)9^ - ^ x^U^ | 



X ((/i + n - A: - 2)5^ - ^ x'^d) |rfT^„(x), 



75 



The irreducible tensor polynomial of degree n — 1 on the light-cone is obtained from Eq. (|4.1.26|1 

for A: = as 

r,^"'|) (i) = rl^rdfli + ^ Xr„«id''lr„„(£), (4.1.28) 

where ^\a0\ = —x^a^fs]- Now the condition of tracelessness is imposed as 

and can be easily checked by means of the algebraic properties of the interior derivative on the 
cone. Additionally, the condition of the correct symmetry type is given on the cone by 



ga/3.^i...^2.-3d,r/"^i)_^(x) = 0. (4.1.30) 



The harmonic extension of T^^^n^ii^) is defined by 



with 



' fr^ 4*=/c!(/i + n-3)! | [« /^J^ ^ 2/i + n - 3 '"^^^ ^ ^ 

(4.1.32) 

where we used ^[a/?] = —X[adf3] in the off-cone expression. Eventually, the restriction of the 
irreducible representation 1)4.1.27^ to the light cone is given by 

^[al3hn-2^^) (^^ - l)ih + n - 3) ""^^M— 1^^^ 

2 



{n + l){n - l){h + n - 2){h + n - 3) 

X |(5y^]d, - [g.ladp] - X[„^]d,) d^}r^„(x), (4.1.33) 

It satisfies the conditions of tracelessness 

d°r(:,f^„_,(x) = 0, d^r(:,f)_,(x) = 0. (4.1.34) 

It is important to note that the formulas H4.1.26|) and ()4.1.27() are the unique harmonic extensions 
1)4.1.28^ and ()4.1.33p . respectively. A harmonic projector 'P[20y^n~2^'^^ '"^'^ proven in the same 
way. 

(iii) Now we regard an irreducible tensor ^[I^J^j^^j...^ ^ having the symmetry type of the 



7 


n-1 1 






a 





. We are using the convention T^ais-y] = | {Taf3'y — Ta-yis + Tf^-ya — Tpa-y + 



Young tableau 

In order to obtain an irreducible tensor, it has to be: 

(a) traceless in /Ui • • • 

(b) traceless in one antisymmetric and one symmetric index 
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Again, by means of the polynomial technique, the tensor T^ai^^]ll—^J, i replaced by a 

homogeneous polynomial of degree n — 1 in x. Then we obtain the tensor polynomial carrying 
the required symmetry as follows 



n 



^ (<5^^5^9^ + + 6t;5'^d0)T[^,^r.{x), (4.1.35) 



where has to be traceless. The (symmetry) condition of the Young tableau type is 

given, by means of the polynomial technique, by 

e"^^'^^^---^^'^-^a,rf/;j;]_,(x) = 0. (4.1.36) 

The conditions of tracelessness for the irreducible tensor polynomial are given by 

= 0, 5"r(:,;',l,(x) = 0, (4.1.37) 

o 

and give the following conditions of tracelessness for T[q,^]^(x): 

□T'[„/3]n(x) = 0, 5"r[„^]„(x) = 0. (4.1.38) 
Using the same procedure as before we may construct the harmonic skew tensor polynomial 

o 

r ^ : The solutions of Eqs. ()4.1.38p are the antisymmetric harmonic tensor polynomials 

o 

T[af3]nix) of order n. The most general Ansatz for it has the following structure: 

T[aP]n = {s^S'p - anXlJ'^^d^ - bnX^d^d[Jf,^ - CnX'' X^^dp^d"} V^''\x)T[^,]n{x) . (4.1.39) 

The corresponding system of linear equations reads 

1 = (2/i + n - 2)a„/2 + (n - 1)6„ 

= 2hn + {2h + n- 2)c„ 

= On + Cn + 2(/i + n- 2)bn ■ 

It is solved by the following values: 

{an + c„, bn, On) = 77— , TT ( 2{h + n - 2), -1, 



(/i + n- l)(2/i + n-4) V ' 2/i + n - 2 

The harmonic and traceless skew tensor polynomial is given by 



{h + n- l){2h + n - 4)(2/i + n - 2) 

(4.1.40) 
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Finally, we obtain for the irreducible tensor polynomial of degree n — 1 of Young tableau [n+2] 
(n,l,l): 



2/i + n-4 
and for its restriction to the light cone: 

Tn(n,l,l) 



n + 2 

A:=0 



{'^r"^;^^,] + ^M5^;]d-}T[H„(x). (4.1.42) 



aM\n-iy-^) + 2)(/i - n - 2) \"[""/3"7] ^ 2/1 + n - 4 

Eq. 1)4.1.411) is the unique harmonic extension of 1)4. 1.421) . On the light cone, the condition of 
tracelessness is given by 

and the condition of the symmetry type reads 

^a/37.Mi.../^2.-4d,rj[5:^'jij_^(x) = 0. (4.1.44) 

The harmonic extension of T^2p^^^^_i{x) is defined by 

= (. + 2)(/?+n-2) <V^]lT(-) V]n(x), (4.1.45) 

with 



7'f"L^i)'7(x)= y ^~^r/,^/ n - fc - 3)! f^M <5gP-,i(fe) + X^^05^,V''{k)\u\ 

(4.1.46) 



k=0 



By means of partial differentiation with respect to the index 6, one can also compute the tensor 
polynomial: Tj[;'^!y]i_2(x) = dsT^;^^];^^_^{x) . 

o 

(iv) Now we want to determine the reducible symmetric harmonic tensor polynomials T(^^p^n[x) 
which we need for the Young tableau [n + 2] = (n,2). We renounce to construct the proper 
irreducible tensor polynomial, 

Tl:X^n-2i^) = (^^^ 6ld,^5\,d,^5l5y^,^)^{x), (4.1.47) 



78 



p 


T 


n-2 1 


a 


/3 





which has the symmetry type of the Young tableau I'^lf^l . In Section r4.2.4l we will consider 

the more easier tensor polynomial T^-^'^y^ix) = x'^x'^ T^ap][i3T]n-2^^^ (^^^ ^'i' (EHZH)- 
The conditions of tracelessness for the reducible tensor polynomial are: 



□r(„^)n(2;) = 0, 5"r(„^)„(x) = 0, 9"^r(,/3)nW =0 



(4.1.48) 



Its general structure is as follows: 



(a/3) 



nix) = { 



5^5^ + anQapx^'^d'^'' + 



'13) 



+ QnXaXpd^'d'' + Kx'g^pd^'d'' + InX^ Oo^dpO^' ^''Y{^^u)n{x) (4.1.49) 



with the partially traceless polynomials 



)n{x). 



(4.1.50) 



It holds by construction 



□T(..)„(X) = 0, 9^''T,.,^^{x) = 0. 



(4.1.51) 



Prom Eqs. 1)4. 1.481) the following system of linear equations for the nine unknown coefficients 
results: 

















(n - l)cn + 6„ + 2han 

dn+gn + {n- 2)fn + 2hkn 

2{h + n- 2)dn + c„ + 6„ 

2{h + n- 2)en + Cn 

2{h + n- 2)fn + Cn + 2gn 

2{h + n- 2)kn + a„ + 5f„ 

4(/i + n - 3)/„ + fn + en 

{2h + n)bn + 2{n - l)d„ + 2a„ + 2 

{2h + n)cn + 2dn + 2a„ + 4(n - 2)e„ 

(2/i + n)fn + 2kn + dn + 8(n - 3)/„ + 2en 

2{2h + n- l)gn + + Cn + 2{n - 2)/„ + 6^ 
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Its unique solution is 



h + n-2 
{h - l){h + n){2h + n - 2)' 

{h{h + n-l) -n + l){h + n-2) 



dn 



kn 
In 



{h - l){h + n){h + n - l)(2/i + n - 2) ' 
h + n-2 

{h - l){h + n){h + n - l)(2/i + n - 2) ' 
h{h + n-l) -n + 2 
{h-l){h + n){h + n- l){2h + n - 2) ' 
1 

{h-l){h + n){h + n- l){2h + n - 2) ' 
h{h + n-4) -2(n-3) 
~ih- l){h + + n - l)(2/i + n - 2)(2/i + n - 3) ' 

+ n - 2) - n + 3) (/i + n - 2) 
(/i - + n)(/i + n - l)(2/i + n - 2)(2/i + n - 3) ' 

+ n - 3) - 2n + 3 + + n)(/i + n - 1) 
~ (/i - l)(/i + n){h + n - l)(2/i + n - 2)(2/i + n - 3) ' 

/i - 3 



4(/i -l){h + n)(h + n - l)(2/i + n - 2)(2/i + n - 3) 
In the case h = 2 these coefficients simphfy; they are given as follows: 

n to "I" 



(n + 2)2 (n + l)(n + 2)2^ 

n 4 + n 



(n+l)(n + 2)2' " (n + l)(n + 2)2' 

1 1 



" (n + l)(n + 2)2' -"^ (n + l)2(n + 2)2^ 

_ n(n + 3) _ 1 n2 + 3n + 4 



(n + l)2(n + 2)2' 2(n + l)2(n + 2)2^ 

1 1 



4(n + l)2(n + 2)2 



This finishes the determination of the harmonic tensor polynomials being necessary for the 
present study. In principle, the extension of the procedure to arbitrary tensors of higher order 
is obvious. However, the explicit computation, without any additional information about their 
general properties, will be quite complicated. Let us remark that, to the best of our knowledge, 
such quantities have not been considered in the mathematical literature. 



4.2 Twist decomposition of a bilocal 2nd rank tensor operator 

This Section is devoted to the twist decomposition of a general 2nd rank light-cone tensor 
operator. Since the twist decomposition is independent from the chirality we demonstrate it 
only for the chiral-even gluon operator ()2. 1.33(1 . The twist decomposition of the chiral-odd 
gluon operator Eq. (j2.1.34j) is the same. In addition, we make the special choice ki = 0, K2 = 
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thereby also simplifying the generalized covariant derivatives, Eq. (|2.2.4|1 . to the usual ones: 

G„^(0,Kx) =FJ>{f))U{Q,Kx)Fpp{Kx) = J^^x^i , (4.2.1) 

n=0 

With = Fj>{y)Dl^ . . . Dl^^Fp,{y)\^^^ ; 

here the symbol (. . .) denotes symmetrization of the enclosed indices. 

Physically, the forward matrix elements of the both gluon operators provide the gluon dis- 
tribution functions HSl [TOSl ED • 

The local tensor operators Gap^^-^,,,^^) can be decomposed according to the Young patterns 
(i) to (iv) and possible higher ones (i.e., for mi + m2 = n + 2, m2 > 3): 

Ga^3{^l^...^^r,) = + + /?nG^^(^^...^^) + Tn^y^^^^^^^^) + . . . , (4.2.2) 

with the (nontrivial) normalization coefficients f[m]/fn\ of the Young operators given by a^+i = 
2(n+l)/(n + 2) for [m] = (n+ 1, 1), /?„ = 3n/(n + 2) for [m] = (n, 1, 1) and 7„ = 4(n-l)/(n+l) 
for [m] = (n, 2). The corresponding Clebsch-Gordan series in terms of representations (ji, ^2) of 
the Lorentz group is 

(i,i)«(i,i)0((f,t)e(^,^)e...) 

_ (n+2 n±2\ / ( n+2 n\ (n n±2\\ (n n\ 

e((^,^)e(^,=±?)) 

the corresponding tensor spaces will be denoted by T(ji, j2). In the last line of Eq. (|4.2.3() such 
representations are listed down which correspond to higher twist contributions contained in the 
trace terms of symmetry classes (i) - (iv). The canonical (or scale) dimension d of the local 
operator (|4.2.2|) is n + 4, and the spin of the various contributions in (|4.2.3|) ranges from n + 2 
up to 1 or if n is even or odd, respectively; therefore, the local operators with well-defined 
twist are irreducible tensors of the Lorentz group or, equivalently, of the group SL{2,C) x M4., 
having scale dimension d. 

In general, according to the spin content and the rank of the corresponding local tensor 
operators, the nonlocal operator (|4.2.1|) for arbitrary x contains contributions of twist ranging 
from r = 2 until r = 00. However, after projection onto the light-cone, x — > x, this infinite 
series terminates at least at r = 6 since higher order terms are proportional to x^. 

In order to be more explicit, as well as for later use, we introduce the (anti) symmetrization 
with respect to a and P and we define the following nonlocal operators: 

G±^(0,Kx) := i(G,/3(0,Kx)±G/3„(0,Kx)) , (4.2.4) 
GtiO,Kx) := x'^ G^piO,Kx) = Gt,{0,Kx) , (4.2.5) 
G{0,Kx) := x°x^ G+ (0,Kx) . (4.2.6) 
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In fact, the twist decomposition of these bilocal light-ray operators reads: 

G+^(0, Kx) = (0, ) + (0, Kx) + Gg) (0, kx) 

+G'^^%iO,Kx) + G'^%{0,Kx), (4.2.7) 

G-^{0,Kx) = G'^I^{0,kx) + GP^^{0,kx) + G^I^{0,kx), (4.2.8) 

G+ (0, kx) = GJ-^) (0, kx) + GJS) (0, k5) + Gj.^) (0, kx) , (4.2.9) 

G- (0, kx) = G{-^] (0, kx) + Gg (0, «x) , (4.2.10) 

G{0,Kx)= G*^2(0,Kx). (4.2.11) 

The various twist contributions individually decompose further according to the symmetry 
classes which may contribute. The explicit expressions for generic tensor operators are given 
in the following subsections, where it will be shown that Young patterns (i) and (ii) as well as 
(iv) contribute to the symmetric tensor operators and related vector and scalar operators, and 
Young patterns (ii) and (iii) contribute to the antisymmetric tensor operators and related vector 
operators. 

Fortunately, in the case of forward scattering one has to consider the symmetry type (i) in 
the polarized and unpolarized case, and additionally, the symmetry type (ii) for the polarized 
case. But in order to consider non-forward matrix elements all symmetry types are involved. 



4.2.1 Tensor operators of symmetry class (i) 

Construction of nonlocal symmetric class- (i) operators of definite twist 

Let us start with the simplest case of the totally symmetric tracclcss tensors, and their contrac- 
tions with x, which have twist r = 2 and arc contained in the tensor space T(^^y^, ^^y^). They 
have symmetry class (i) and are uniquely characterized by the following standard tableau (with 
normalizing factor 1): 



a 




1^1 







= S Fa%0)D^, ...D^^ F,3p{0) - trace terms , 
The irreducible local twist-2 operator reads 

GZfL,.) = ^(a(O)^Mi ■ ■ ■ D,^Fp)M - trace terms . 

Let us postpone the determination of the trace terms and make the resummation to the corre- 
sponding nonlocal operator in advance. This is obtained, at first, by contracting with x'^^ . . . x^^" 
and rewriting in the following form: 

= G^...,.) = (n+2)V+l) 9ad,Gr.^.{x), (4.2.12) 



with 



Gn+2ix) = Gn+2{x) — tracc terms , 
Gn+2{x) = xi'x^F^P{0){xD)^F,p{0) . 



^We use the notation ^(^g) = |(^a/3 + ^/3a) and A^^g^ = i(j4„/3 - ^/3a)- 
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o 

Here, Gn+2ix) is a harmonic polynomial of order n + 2, cf. Eq. ()4. 1.7(1 : 

[— ] k 



Then, using ((n + 2)(n + 1)) ^ = Jq^ dA(l — A) A" and the integral representation of Euler's beta 
function we obtain the nonlocal twist-2 tensor operator? 

CO „ /"l o 

G'^%iO,Kx) = Y,^ G'^JJ^lix) = d.dp / dA(l-A)G(0,KAx), (4.2.13) 

n=0 ■ 

with 

G(0,«x)=G(0,Kx) + j;y^ ^"(^J fc!(fc-l)! G(0,^te). (4.2.14) 

The operator G|^^j(0, kx) satisfies the conditions of a harmonic tensor function: 

g"''G'^%{0,Kx) = 0, □G*-2^(0,Kx) = 0, d'^G'^^iO, kx) =0. (4.2.15) 
Reduction to vector and scalar operators 

Now, we specify to the nonlocal vector and scalar operators. Multiplying Eq. ()4.2.13|) by x^ and 

o o 

observing the equality {xdx)G{0, kXx) = {Xdx + 2)G{0, kXx) gives the twist-2 vector operator, 

/■I 

G^^l^iO, Kx) = da J dXXG{0,KXx), (4.2.16) 

which satisfies the conditions 

□ G;^2)(0,a^x) = 0, 5- GJ5(0,KX) =0. (4.2.17) 
Multiplying by x"x^ gives the twist-2 scalar operator, 

G*™2(o^ f^x) = G{0, Kx) , (4.2.18) 
which, by definition, satisfies the condition 

□G*"2(o,Kx) = 0. (4.2.19) 

The expression ()4.2.14() for the scalar operator has already been given by Balitsky and Braun 

i- 

Comparing Eqs. ()4.2.13p . ()4.2.16p and (|4.2.18() we may recognize that in the case of symmetry 
class (i) the tensor and vector operators are obtained from the scalar operator by very simple 
operations. Furthermore, we observe how in the case of the scalar operator the trace terms - 
being proportional to - are to be subtracted from G(0, kx) in order to make that operator 
traceless. In the case of vector and tensor operators such subtraction, because of the appearance 
of the derivatives, is more complicated. 

^Here, and in the following, we omit the indication of the symmetry class of the nonlocal twist-2 operators 
because only totally symmetric tensors contribute. However, the trace terms being of higher twist must be 
classified according to their symmetry type. 
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Projection onto the light cone 

Let us now project onto the light -cone and, at the same time, also extend to the case of general 
values ^2)- Because of the derivatives da and dp, appearing in Eq. (|4.2.i:-{j) . only the terms 
with k = 1, 2 in Eq. H4.2.14() contribute. The final expression for the symmetric twist~2 light-cone 
tensor operator is given by 

(^tw2 f^^~ p,^ I amt _ wnt \^ ^^\^\\ _ /^>(i) 



(a/3)('^l^''^2S) =dadi3 / dX{l - X)G{kiXx , K2Xx)\^^-.- G ^^J.^{kiX , K2x) , (4.2.20) 
/.I 

G\$){^ix,K2x)= dx[{l-X + X\nX){^\gap+X(^adp))u (4.2.21) 

'J 

+ 1(2(1 - A) + (1 + A)lnA)xaX^tf}G(KiAa;,K2Ax)|^^-. 

The operator G'^^^^{kix, K2x) contains the higher twist contributions which have to be subtracted 
from the first term, Eq. ()4.2.2U() . in order to make the whole expression traceless. In order 
to disentangle the different terms of well-defined twist we observe that the tensor operator 
()4.2.21() consists of scalar and vector parts. Here, an operator being contained in the trace 
terms is called a scalar and vector part, if the expression multiplied by ga/s, Xa or xp is a scalar, 
like U\G{kix, K2x) or 5^G^(kix, K2x), and a vector, like dpG{i<iix, K2x) or 5/39^G^(kix, K2x), 
respectively.^ The scalar operators, □G(kix, K2x)|^=i and \ZP'G{kix, K2x)\x=x, occurring in 
Eq. (|4.2.21|) have already well-defined twist r = 4 and r = 6, respectively. To ensure that the 
vector operator dpC\G{K,ix, K2x)\x=x also obtains well-defined twist, it is necessary to subtract 
its own trace terms which are of twist r = 6. 

The higher twist operators contained in the trace terms of the twist-2 tensor operator are 
the following: 

^>(i) / ~ ~\ ^tw4(i)a/ ~ ~x , ^tw4(i)b/ ~ -s. 
<-^(a/3)('^l^' '^22;) = Gf^aP) (/^l^. ^^2X) + G ^^^-^ [KiX, K2X) 

+ G'^J;f\K,x, K2x) + GjjW^^ii, K2x), (4.2.22) 

with 

G^(^f)^''(.'^ix,K2x) = -^90(30 / dA(l - A Aln A)G(kiAx, K2Ax)|^.^- , 

G^{lP)^'°i'^ix,K2x) =X(^adf3)0 J dX{l-X + XlnX)G{KiXx,K2Xx)\^^.-G^^^J-^''^{Kix,K2x), 



and 



G'^J;f''{Kix,K2x) =ix«x^tf^'dA(2(l-A) + (l+A)lnA)G(KiAx,K2Ax)|^^-, 
'^(1/3)'^'' (^1*' '^2^) = J XaX/sD^ I dx(j^-^^ - - AlnA^G(KiAx, H2>^x)\^__ 

J 



Obviously, by inspection of the spin content of the symmetry type (i), the local twist-4 and 

' n n' 
>2 ' 2- 



twist-6 operators carry the representation T(^, ^) and T(^^, ^^), respectively. 



^Strictly speaking, Xa and xp as well as Qa/i which are necessary for the dimension and tensor structure of the 
whole expression do not belong to the higher twist operator itself. 
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Finally, completing the twist decomposition of the symmetric nonlocal tensor operator, we 
write down the symmetric twist-4 light-cone tensor operator contained in the expression ()4.2.21|) 

^^2^) = G'(I^)'^''('«i^> /^sx) + G^^PI^^{kix, K2x) (4.2.23) 



/I 
dA|(l-A + AlnA) (^^ g^fs + X(^adf3)^ ^ 



A 



InA^XoX/jD^I Ax, K2Ax)|^ 



whereas the symmetric twist-6 light-cone operator contained in H4.2.21|l reads 

K2x) = G^^f^^''{KlX, K2X) + G^^^J-^^^iKix, K2x) (4.2.24) 

= \ xaXpO^ J dx(^^-2^ + lnXj G{kiXx,K2\x)\^^^ . 



Vector and scalar light ray operators 

Contracting Eq. ()4.2.2U() with x^, making use of formula {xdx)f{Xx) = Xdxf{Xx) and performing 
the partial integrations we obtain the final version of the twist-2 light-cone vector operator, 

G{kiXx,K2Xx)\^^-, (4.2.25) 

and the twist-4 light-cone vector operator, 

G'^J,f\Kix,K2x) = -lx^a dAA(lnA)G(KiAx,K2Ax)|^^-. (4.2.26) 

In order to obtain the scalar twist-2 light-ray operator we multiply (|4.2.25j) by x". Then, the 
twist-4 part vanishes and the remaining twist-2 operator restores the scalar operator (compare 
Eq. (I4.2J1II V 

G^'^^iKix, K2x) = G{Kii, K2i) • (4.2.27) 

Let us point to the fact that the trace of the original gluon tensor, g'^^^Gapinix, k.2x), is a twist- 
4 scalar operator. It is contained in G|™^^''*^(Kii, K2i) as well as similar expressions occurring 
below, cf. also Eq. 



{a,)y'^ix,n2X} 



dAA 



da + 2(ln A)xan 



Condition of tracelessness on the cone 

Finally, it should be remarked, that the conditions (|4.2.15j) . (|4.2.17|) and (|4.2.19j) . if translated 
into the corresponding ones containing derivatives with respect to x, no longer hold for the 
light-cone operators. This is clear because, by projecting onto the light-cone, part of the 
original structure of the operators has been lost. Nevertheless, the conditions of tracelessness of 
the light-cone operators may be formulated by using the interior derivative on the light-cone 
jl9| I4S| 16 7j which has been extensively used for the construction of local conformal operators 
[461 149j . In four dimensions it is given by 

da = (l + xd)da — H Xad'^ with da = , 
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and has the following properties (see Section H?T|) 

d2 = , [da, d/j] = and d^x^ = (d^ + 29^) . 
Then, the conditions of tracelessness simplify, namely, they read: 

a'^^G'^d) ('^l^' ^2X) = , d"G|™2^ (KiX, K2X) = , 

as well as 

d°G*^.')('^i^.'^2x) = 0. 

Analogous conditions hold for the light-cone operators of definite twist in the case of sym- 
metry classes (ii) - (iv) obtained below. 

We remark that the interior derivative may be used in defining more directly totally sym- 
metric local light-cone operators. For example it holds (see H4.1.12() and 1)4.1. 17(1 ) 

= (^+2)2^+1)2 dad^G„+2(x) , 

However, in case of symmetry types (ii) - (iv) the corresponding expressions should be more 
complicated (see Section H?T|) . 

4.2.2 Tensor operators of symmetry class (ii) 

Construction of nonlocal (anti)symmetric class-(ii) operators of definite twist: Young 
tableau A 

Now we consider tensor operators, and their contractions with x, having symmetry class (ii) 
and whose local twist-3 parts are contained in T(^^, ^) © T(^, ^^). Contrary to the totally 
symmetric case we have different possibilities to put the tensor indices into the corresponding 
Young pattern. Without presupposing any symmetry of indices a and (5 we should start with 
the following Young tableau: 

= ^^rS^ A S Fa'mD^, . . . L»^„F^p(0)- trace terms, 













a 





with normalizing factor a„+i. (The tableau with a ^ (3 will be considered thereafter.) De- 
noting this symmetry behaviour by (iiA) we may write the local twist-3 tensor operator as 
follows: 

CSX = ^{^/(O)^(Mi • • • D,„)Fp,{0) + F/{0)DpD(^^^ . . . I)^„F^,),(0) 

n 

+^F/(0)i:>(^^ . . . D^^_^D\p\D^^^^ . . . I)^„F^,)p(0) - (a ^ /ii)| - trace terms. 

1=2 

Proceeding in the same manner as in the last Subsection we multiply by x^^ . . . x^" and obtain: 



) = ^^T)^ x''5ldu]dpG^,\^+,{x) (4.2.28) 
(n+2)n ('^°^^^^ - x^da^dpG^,\n+i[x) 
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with 



o 

II- i'- . G^,|„+i(x) is the harmonic vector polynomial of order n + 1 (see, Eq. ()4.1.25() . Section^^ 
and the symmetry behaviour of class (ii) is obtained through the differential operator in front 
of it. Now, using ((n + 2)n)-i = £ dA(l - A2)A"/(2A) and Euler's beta function we sum up to 
obtain the following nonlocal twist-3 tensor operator: 



g5'("^)(0,kx) = I" dX^(^5i;,{xd) - x^da)df,G^.{0,KXx) , (4.2.29) 



with the nonlocal traceless (vector) operator 



Ga, (0, Kx) = Ga, iO,tix)+Y,J^dti^-^j [—^j G^, (0, Ktx) (4.2.30) 

- [x^d^ixd) - \x^d^d^^] drr dtt (-^^ — (-^^ G^.{0,Krtx). 



The following decomposition into symmetric and antisymmetric part is useful for the further 
calculations 

(0, Kx) = G;^^) (0, Kx) + Gjjf ^) (0, Kx) , (4.2.31) 



with 



^tw3(: 



''^\0,Kx)= /'dAA,53]G^.(0,AcAx), (4.2.32) 

Jo ' 

G'^lf''\0,Kx) = [ dAi(5f„5^) - ^dadf,x^)G^.{0,KXx) (4.2.33) 



Again, these operators are harmonic tensor functions. The conditions of tracelessness for 
the tensor operator are 

^«/3^tw3{iiA) ^ Q ^ ^^tw3(iiA) ^ Q ^ 

^„^tw3(iiA) ^ ^ g/3^tw3(iiA) ^ _ (4 2.34) 

Reduction to vector operators 

The corresponding twist-3 vector operator is obtained from Eq. (|4.2.29j) by multiplication by 



x^: 



G^Z^^^^\o,Kx) = dXx(5^{xd) - x^do}jG^,{f),KXx). (4.2.35) 

Obviously, a corresponding scalar operator does not exist. 

This vector operator fulfils the following conditions of tracelessness 

^^tw3(iiA) ^ ^ a"G*™^^"^^ (0, Kx) = . (4.2.36) 
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Projection onto the light cone 



(a) The calculation of the antisymmetric tensor operator K2x) on the light-cone 

is similar to that of Mj-^^^lnix, K2x) in [551 ESI; details we refer to it. The resulting 

expression is: 



^tw3{iiA), ^ ~. 
[a/3] {KlX, K2X) 

^>(iiA)/ ~ ~N 
{l^lX,l^2X) 



dAA(5[^a^]G^,(KiAx,K2Ai)|^.^--Gf^^^p(K;ix,K2x), (4.2.37) 



dA (1 - A)|(2x[„9^](9^ - X[a(5|^]n)G'^.(KiAx, K2\x)\^^ 
-(1 - A + \ \n\)xyadfj-\UG{Ki\x, «;2A2;)|^^-| . 



(4.2.38) 



G^^P^\k,ix , H2x) contains twist-4 and twist-5 contributions, but twist-6 contributions do not 
appear due to xj^x^] = 0. The higher twist operator H4.2.38() contains two vector operators 
multiplied by Xa and X/j, respectively. For their twist decomposition one has to take into 
account Young pattern (i) as well as (ii). The procedure is analogous to the decomposition of 
the vector operator Oa{Kix, K2x) made in [961 163j . After a straightforward calculation we obtain 



^M^'*'^'*^^' '^2^'* ^ i^^x) + Gj^^["'^-'°(kix, K2x) + G™^|"'^^''(kix, K2x) (4.2.39) 

with 



~,tw4(iiA)a / 



~,tw4(iiA)b / 



-,tw5(iiA)a / 



Gtw4(iiA)a/ ~ ~\ 
r„,ai (KiX, K,2X) 



1 



[a/3] 

.tw4(i 

■[a/3] 

w5{i 
1/3] 



1-A 



2X[adj3]d^ / dA^^G^,(KiAx,K;2Ax)|^^ 



^tw4(iiA)b, . 



Gtw5(iiA)a/ ~ ~\ 
r„ai (KiX,K2Xj 



^X[Q,(9/3]n / dAf + AlnAjG(KiAx, fi;2Ax)|^,^- , 



j[,(5^](x9)-x'^a^])n 



dA 



(1-A)^ 



4A 



G^j,,{ki\x, K2Ax)| 



(b) Now, we determine the symmetric tensor operator G^^i^^^^\kix , K2x) on the light -cone. 
Putting Eq. (|4.2.3U|1 into (|4.2.33|) , after some lengthy but straightforward calculation (taking into 
account only the relevant terms of the /c-summation and performing some partial integrations), 
we get the following result: 



^tw3{iiA)/ ~ ~. 
(a/3) {HlX,K2X) 



dA 



1-A 



2A ~ ^^dl^a)df3)G^i,{\x, K2Ax)|^^- - G^^'^^\kiX, K2x) , 

(4.2.40) 



with the higher twist contributions of the trace terms 



'-^{a/3) 



K2x) = I dA| ^-i^gapd^" + ^(5['^x^)n + (1 - A)x(„5^)9'' 

J 

— ^ ^ XaX/jC^^D G^,(fi:iAx, K2Ax) 

~ + -^lnA^5ra/3n + (|(1 - A) + + AlnA^X(„5^)n 

1/1_A2 {\-\f 



+ 



41 2A 



A 



+ Aln A^XaX/jD^ G(kiAx, K2Ax)| 



(4.2.41) 



88 



It is obvious that Eq. (|4.2.41|1 contains scalar and vector operators. Again, using Young patterns 
(i) and (ii) and subtracting the trace terms, we can decompose the vector part appearing in 
Eq. (|4.2.4H) into twist-4, twist-5 and twist-6 operators. This procedure is analogous to the 
twist decomposition of the (vector) quark operator Oai^ix, K2x) in j^nHnSJI- From the twist-4 
and twist-5 vector part we have to subtract their trace terms being of twist-6 and add it to the 
other twist-6 scalar operator. Let us recall that the scalar twist-4 and twist-6 operators are 
already traceless on the cone. In that manner we get the following decomposition: 

^>(iiA)/ ~ ~N ^tw4(iiA)a/ ~ ~n , ^tw4(iiA)b/ ~ ~n , ^tw4(iiA)c/ ~ ~x 
(^l^'^2a;)=G(^^') ' {kiX,K2X)+Gi^^p'^ ' {kiX,K2X)+G^^^'^ ' [KiX,K2X) 

^tw4(iiA)dl / ~ ~x , ^tw4(iiA)d2 / ~ ~x , ^tw4(iiA)e/ ~ ~n 
+ '^(a/3) (l^lX,K2X) +0^^^'^ {HiiX,K2X) +G^^^'^ '{kiX,K2X) 

^tw6(iiA)c, ^ ^tw6(iiA)dl, - -X ^tw6{iiA)d2, - 

' (a/3) l"^!-'^) '^2-^J "-r^jj^-) {i^lX , K2X ) n- ^ (^^^-^ {KiX,K2X) 

+ G]^ff)'^^'^^il^lX, K2X) + G^fll^'^^'^^iKiX, K2X) + GJ™)!!"'^'''' (kiX, K2x) , (4.2.42) 



with 



^tw4{iiA)a^^^ ^ _ 1^^^^ j (^x(^^^2^ + XlnX^G{Ki\x,K2Xx)\^^^-, 

G^^'^^^^^^^{kix,K2x) = — ■^X(^adf3)0 / dA (^(1 — A) + ^"2^ + 2A In G(ki Ax, «;2 Ax) | 



^tw6(iiA)b / ~ ~\ 
- <~^(^af3) {KiX,K2X) , 

^tw4(iiA)dl^^^-^^^--j ^ - |^(a5/3)n dA(^^ + ^)g(kiAx,K2Ax)|^^- 

^tw6(iiA)dl / ~ ~N 
~^(q/3) (kiX,K2X), 



and 



G^^f)'^^^i'iix,K2x) =|xQ,x^rf / dx(^ ^^ - - AlnA^G(KiAx,K2Ax)|^^-. , 

^ 

^tw6(nA)b^^^~^ = - \xaXi3D^ J dx(^ ^^ - |^"2X~ ~ A In A - ^)g(kiAx,K2Ax)|^^ 

^tw6{iiA)di^^^-^^^-.i ^i^^^^^2y" dA(^^^ + ^ + %r)'-^('^i^^''^2Ax)|^^- , 

^tw6{iiA)d3^^^~^^^~^ = - ^XaXpO'^ j dA(^iy^ + ^ + %r)^'^'*l'^^''*2Ax)|^^- , 

being related to the scalar operator G{kix, H2x), as well as 

^tw4{iiA)c^^^-^^^-X| ^Ig^^Q^j ^^L^Q^^^i^^Xx, K2Xx)\_^^-, 

pi 

^tw4(nA)d2^^^.^^^^^ =a^(a'9/3)3''y^ ^"^(^ + ^ f^i^lXx , K2Xx)\^^, 

_ ^tw6(iiA)d2. . 
(a/3) K'^lX, H2X) , 

/•I 

^tw4(iiA)e^^^-^ '«2X) =X(adl3)d^ J dA(l - A)G^.(kiAx, K2Ax)|^^- - G^^f^'^^'' {kiX , K2X) , 
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and 







^tw6(iiA)d3 / ~ ~\ >^tw6(iiA)d4 / ~ ~\ 



and 



K2x) = - ^XaXfsDd^ J dA^^-ip-G^.(KiAx, K2Ax)|^^- , 


tw6(iiA)e. ^ ^ na^i j\ (1~A)^ 



{KlX,K2x)=^XaXi3\I\d^ J dX — ^ — G^t. Ax, K2 Ax) | - , 
being related to the vector operator «:25^)- 
Contributions of Young tableau B 

Let us now consider the other Young tableau which is obtained from the former one by exchang- 
ing a and f3: 



^1 






^J^■n 


a 







= ^^Sy^ A S FJ\Q)D^^ . . . Df,^Ff3p{0) -trace terms. 



This symmetry behaviour will be denoted by (iiB). The corresponding nonlocal twist-3 operator 
which we obtain after analogous calculations is (with self-explaining denotations): 

Gy"^)(0, Kx) = j^'dX^ - x^'dfi^daG.f.iO, kXx) . (4.2.43) 

Its decomposition into symmetric and antisymmetric part yields 

G^/^^^^) (0, Kx) = Gfjf (0, Kx) + Gjjf ^) (0, Kx) , (4.2.44) 

with 

G'^lf'''\0,Kx) = ^'dAA<5f^a„]G.^(0,AcAx), (4.2.45) 



G;3;"^)(0,kx)= / dX^(^5'^Jxd) - x>^d(^^)df,^G„{0,KXx) . (4.2.46) 



The projection onto the light-cone and the calculation of the higher twist operators contained 
in the trace terms is completely analogous to case (A) and should be omitted here. 

Construction of the complete twist 3 tensor operators on the light cone 

In order to obtain the complete twist-3 operator it is necessary to add both twist-3 operators 
(|4.2.3H) and (|4.2.44j) resulting from the Young patterns (iiA) and (iiB). Since no further Young 
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pattern contributes to twist-3 operators we omit the index (ii). After projection onto the light - 
cone the final result is 



G'^p\Kix,K2x) = G[^|](ACix,AC2i) + G^:^)(kix,K2x), (4.2.47) 
with the antisymmetric twist-3 light-cone tensor operator'^ 

<^[a|(^l*''^2x) =2 / dAAa[^G^j(KiAx,K2Ax)|^.^- - G|™^|"^(kix,K2x) - G|"^|"^(k;ix,K2x), 

(4.2.48) 

where 

^tw4(ii), - ^ _ r,f, / 1^ 1-A 



a^ja^ dA ^ g;(kiAx, At2Ax)|^^- , (4.2.49) 

Gf2|")(Kix,K2x) = -X[„(5^j(x9) -x^a^])n f'dX ^^G^(aciAx,K2Ax)|^^-. (4.2.50) 



The local twist-4 operators are contained in the tensor space T(^,^) and the local twist-5 
operators are contained in the tensor space T(^, ^^^) © T{^^-^, ^). 

In turn, let us remark that the bilocal light-ray operator G*™^j(kiX, K2x) is the same as the 

/3|/Ji|M2| ■■■ 

That 



/3 


Mi|M2| 




a 





antisymmetric tensor operator which obtains from the Young tableau 
tableau has been used for the computation of Mj*^j(kix, «;2x) in Ref. ^Hj- Furthermore, let us 
note that the local operators contained in M*^j(kix, K2x) and in Gj™^j(Kix, K2x) are in complete 
agreement with the local operators on the light-cone determined by Dobrev and Ganchev [15] 
by means of the interior derivative. 

From the above point of view our result for the antisymmetric part of twist-3 operator 
(|4.2.47l) could be obtained much easier. However, the symmetric twist-3 light-cone tensor op- 
erator is much more involved. It is given by^ 

G'^%{^ix,K2x) = f'dX^^d'^Jxd) -X^^d^^)dp)G^{^l\x,K2Xx)l^^ 


-G>j;}(ACix,AC2x), (4.2.51) 

where G^^^'j(Kix, «;2x) includes all the trace terms having higher twist; these operators are given 
by 

G^^P^'^''ii<-ix,K2x) = - gaf^O j dA(^^-2^ + AlnA^G(KiAx,K2Ax)|^^- , 
G(*^)"^^(«:ix,K2x) = - X(„9^)n j dA(^(l - A) + ^^ + 2AlnA^G(KiAx, K2Ax)|^^- 

^tw6(ii)b. ^ 

^tw4(n)dl^^^-^^^->j = - X{adf3)0 J dx(^ + G(ki Ax, K2Ax) |^^- 

^tw6(ii)dl, - -X 
(o/3) I'^lXj i^2X) , 



''Here, we used the abbreviation G^j = x'^G[^^] instead of G[^,] in order not to come into conflict with the 
antisymmetrization of the indices a and p. 



^Similarly, we use the notation Gt instead of G(„,) 
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and 





J 



A In A - ^jG(KiAx,K2Ax)|^^- , 



^tw6(n)dl^^^~^^^~sj =1^^^^^'^ j dA(^^^ + ^ + %^)g(kiAx,K2Ax)|^ 

«;2^) = - XaXisU"^ J dx(^^-Y^ + + ^^j^^G{kiXx, K2Xx)\ 
being related to the scalar operator G{kix, K2x), as well as 

'^2^) =gai3d^ j dA^-^G+(KiAx, K2Ax)|^^- , 
'^(3)"^'^^(^i^''^2x) =2x^^9(3)0'' J ^ ^^(^ + ^)g'^('^iA2;,K2Ax)|^ 

^tw6(ii)d2, ^ 

gJ^J)"^*'(«^i^>«^2x) =2x(„(9^)a^ / dA(l - A)G+(kiAx,K2Ax)|^^- 



and 



G 



(I^)"^ ('^l^' ^^2^) = - X(^a {^^p) {xd)-X^dp))n 



„1 

X dA(^^ + ^)g+(kiAx,K2Ax)|^^ 

^tw6(ii)d3 / ~ ~N ^tw6(ii)d4/ 



and 



'^(I^)"^''('*i^''^2x) = - \xaXfsUd'' j dA^^-^G+(KiAx,K;2Ax)|^^- , 

^tw6{ii)d2^^^^^^^-^ = _X^X^UQt^ ^ _^ l|_A^(^+(^^_Xx,K2Ax)|^^- , 

^tw6{ii)d4^^^^^^^_^.j =^^^^UQi^ I dA(^^ + ^ + ^)G'/i('«iA2;,K2Ax)|^^- , 

I' 



G*^^|"''°(kix, K2x) =^XaXj3nd^ 1 dA-^—^-^G^ (ki Ax, ^2 Ax) | 







being related to the (symmetric) vector operator G^(kix,K2x). 
Determination of complete light cone vector operators 

Now we are able to determine the twist-3 vector operator resulting from the tensor operator 
(|4.2.47l) by multiplying by x^. Because neither symmetry type (iii) nor (iv) may contribute 
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to the vector operator this will be the final expression. The twist-3 light-cone vector operator 
consists of two parts, one originating from the symmetric and the other from the antisymmetric 
tensor operator, 



tw3 , 



(4.2.52) 



where 



dAA 



dAA 



5l^{x^)-x^'^a-x^{^^'+\ll\Ux^') G+{kiXx,K2\x)\^^,, (4.2.53) 
5^{xd)-x^da,-Xad^]G-{Ki\x,K2\x%^^, (4.2.54) 



and the twist-4 vector operator which is contained in the trace terms of that twist-3 vector 
operator is given by 



where 



G'J^^f^(Kix,K2x) = Xo, j dAA[a'^ + (lnA)nx'^]G+(KiAx,K2Aa 
Gl^t]i^ix,H2x) = Xa j dAAa''G~(KiAx,K;2Ax)|^^- . 



(4.2.55) 

(4.2.56) 

(4.2.57) 



The antisymmetric part of the twist-4 vector operator is already complete. The complete twist-4 
light-cone vector operator is given by 



G'^^Kii, K2i) = Gf^t)i'^lX, K2X) + GH(ki5, K2i) 

= Xa [ dWldf" + ^y^ax'']G^{KlXx,K2Xx)\ 

Jo 



(4.2.58) 



where the symmetric twist-4 vector operator obtains by adding together expressions ()4.2.26p 
and (lO^. 



G^(^t)i'^lX, K2X) = G*^^|'^(kiX, K2x) + G*"^|"^(kiX, K23 



(4.2.59) 



. [ dAA[a'^ + ^nx'^]G+(KiAx,K2Ax)| ,_ 
Jo ^ 



Furthermore, putting together expressions (|4.2.25() . (|4.2.53() . (|4.2.59() and 1)4.2. 541) . 1)4.2. 57|) we 
obtain for the complete decomposition of the light-cone vector operator the following results 
anticipated by Eqs. 1)4. 2. 9|) and (|4.2.1U|) . respectively: 

G(„.) {KlX, K2X) = G|^2) (KiX, K2X) + G^^.^) {kix , K2x) + G*^^) {k^x , K2x) (4.2.60) 

(4.2.61) 



G[a,] (kiX, K2X) = Gj^^.^i (kiX, K2x) + G^^l^''^ (kiX, H2x) 



93 



4.2.3 Tensor operators of symmetry class (iii) 

Construction of nonlocal antisymmetric class- (iii) operators of definite twist 

Now we consider the twist-4 and twist-5 contributions originating from the (unique) Young 
tableau related to the symmetry class (iii) (with the normalizing factor /3„): 



^1 


fJ'2 








a 





= A S -F/(0)L'^i . . . Df,^^FfSp{0)- trace terms . 



The corresponding traceless local operator having twist r = 4 and being contained in the tensor 
space T(|, ^) is given by: 



-F^^^f{0)D^^D^, . . . D^,ji?|^]p(0)j - trace terms. 
Now, contracting this expression with x^^ . . . x^" we obtain: 

^tw4(iii) / X ^/in(^tw4(iii) 

la/3]n ^ ' ' ■ ■ [a/3]/xi.../i„ 



^ x^ 6^JP,]G[^,]:,{x) (4.2.62) 



n+2 

with the (antisymmetric) tensorial harmonic polynomials of order n (see (|4.1.4Up ): 

Resumming these local terms gives the nonlocal twist-4 operator as follows 

Gj^^f")(0,Kx) = / dAA5f^ ((x9)<5^] - 2x^9^]) G[^,](0,kAx) , (4.2.63) 

where, using the integral representation of the additional factor 1/n (the remaining factors of 
the denominator are taken together with 1/n! to get l/{n + 2)!) and of the beta function, we 
introduced: 

G[„^] (0, Kx) = (0, Kx) + ^J^- J k\{k-l)l \ ~r ) '^["^1 ''^^^ 



+ 



f'l 

2x[J^^d''^ (xd) - x^J^^d''^)Y^ / dt 
' L ^ fc=o 



4 / fcl/t! V t 



-2x[„a,]x[^a^] j;y^ ^**(^J (^TTW ("^J |G[H(0,Krtx). (4.2.64) 

Then, by construction, Eq. (|4.2.63|) defines a nonlocal operator of twist-4. As is easily seen 
by partial integration it fulfils the following relation 

Gfjf (0, kx) = G[„^] (0, KX) - (0, kx) (4.2.65) 
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and, because of Eq. (|4.2.34|1 and the properties of (|4.2.64jl . it is a harmonic tensor operator: 

□Gf:;f ^) (0, ^x) = , 9"Gf2f ^) (0, ^x) = . (4.2.66) 

Projection onto the light cone 

Let us now project onto the Ught-cone. After the same calculations as has been carried out for 
the operator M*^j(0, kx) in we obtain 

Gf^^f"^(^ix,^2x) = / d\\5l ((x9)<5^] - 2x^9^]) G[^,](kiAx, ksAx)]^^, (4.2.67) 
where the twist-5 part is determined by the trace terms, namely 

<^5r('^i*' ^^2^) = - /' dAi^{x[45j;(xa) - x^^dp^)d-^ 

J 

- X[,<^J;x^ln}G[^,](ACiAx, AC2Ax)|^.^- . (4.2.68) 
Obviously, there exist no vector (and scalar) operators of symmetry type (iii). 

Determination of the complete antisymmetric light cone tensor operator 

This finishes the computation of twist contributions of the antisymmetric light -cone tensor op- 
erator. The complete antisymmetric twist-4 light-cone tensor operator obtains from Eq. ()4.2.67p 
and the twist-4 trace terms of the twist~3 operator, Eq. 1)4.2.49^ : 

G'[q|(^i^' i^^x) = Gj^^|"^(kiX, K2x) + G*"^|"'^(kix, K2x) 

\x[x ((x9)5f^ - 2x-a[^) + i^(x[„(5[';(x5) - xl'^a^])^'^] (4.2.69) 

-XlaS^P^X^^O - X[„a^]x[^(9'"l^|G[^.^](KlAx,K2Ax)|^^-. 



Furthermore, the complete antisymmetric twist-5 light-cone tensor operator obtains from Eqs. 
(I4.:j.fi()|) and (I4.^.68|l as follows: 



Gf3](Ki5, K2x) = Gj2f")(Kix, AC2X) + G;2f")(Ki5, K^i) (4.2.70) 







dA^{x[,4]^"'n - 2x[,(5t';(x9) -x['^5^])5'^]}G[h(kiAx,K2Ax)|^.^-. 



Together with the twist-3 part, Eq. H4.2.48p . we finally obtain the complete decomposition of 
the antisymmetric light-cone tensor operator (compare Eq. (|4.2.8j) ): 



G[«^](kix, K2x) = Gg](Kix, K2x) + Gg](Kix, K2x) + Ggj (^i^ , K23:) . (4.2.71) 
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4.2.4 Tensor operators of symmetry class (iv) 



Construction of the nonlocal symmetric class- (iv) operator of definite twist 

Now let us investigate the symmetric tensor operators of the symmetry class (iv) which are given 
by the following Young tableau (with normalizing factor 7„): 



^1 




/^3 






a 







= ^^Jrr^-^ ASS F/(0)D^,...Z?^„F^p(0) -traces. 



^+1 a/ii /3/i2 a/3 Mi-.-A^n 

These local tensor operators have twist-4 and transform according to the representation 

1+2 n—2 \ f-T^ rrif n—2 n+1 
2 , 2 ) ^ ■'- \ 2 ^ 2 



T(^, ^) © T(^, ^^). They are given by: 



^tw4(iv) 1 _ ^ _ ^ 



+ G'(/,i^2)(„/3^3...^„) j - trace terms , 



with G(a/3)(^i, = F(^|'(0)i:'(^^ . . . L>^„)F|^)p(0). If we multiply this expression by x^i . . . ; 
we obtain: 



"-^(Q/3)n \X) - X ... X ^al3tij_...,ir, 



jdlh ^'^^ WiP^r] G(,.)n(x) (4.2.72) 
^^^(5^i5^x''(x5)5p - 2x^(x9)5^,5^) +x'^x^9«9;3)G(M.)n(x) . 



Here, ^(^^.^^(x) is the harmonic symmetric tensor polynomial of order n (cf. Eq. (|4.1.49() . 
Section ITTIl : 



Gm)„(x) = {S^J'^, + - (n+2)V+l) (^"^(^4?"^ - ^''^S^/^)^^^; 



Resumming all local operators of symmetry class (iv) and using the integral representation 
((n + l)n)-i = /o dAA"(l - A)/A gives 



Gj^Jf")(0, Kx) = (siiS''0xP{xd)dp - 2x^'{xd)5'(pd^) + x^'x-'d^dp) f dA ^ G(^,)(0, kAx), 







(4.2.73) 



96 



o 

where (0, kx) is given by 



G(«/3) (0, >ix) = (0, Kx) + 2^j^— J k\{k-l)\ \~r ) "^""^ 



^-7o i V 4 y k\[k-l)\\ t 



[2x(.4';a^) - x%J;^d'^^] Y: I ^!(^ [-^) (0, Ktx) 

[2x(„a^)x('^9'^)(2^5) -5a/3x(''5''H2;9)(xa + l) - x'^d^df^x^'^d'"'^] ^dXX 

Jo 

-[{xaxp - ^gap)d''d''{xd){xd + 3) - (2x2a(„x^) + ^d^dp)d^'d''] ^ dA(l - A)| 



Of course, Eq. (|4.2.73|) may be rewritten as follows 

G;25"^(0,k:e) = G(,^)(0,Kx) - 2^'dA^9(,G+ (0,kAx) +^'dA ^^5,9^(7(0, kAx), 

which will be used in the further considerations. Contrary to any of the formerly obtained sym- 
metric twist-4 tensor operators, this operator is the 'true tensor part', i.e., not being proportional 
to gap or Xa and xp. Obviously, this twist-4 operator satisfies the conditions of tracelessness 

□G;:^f)(0,Kx)=0, 9"G;:Jf^)(0,^x)=0, 5"^G;2f)(0,Kx). (4.2.75) 



Projection onto the light cone 

The symmetric twist-4 tensor operator of symmetry type (iv) on the light-cone is obtained as 
follows 



M) 



X / dA^-^G(^^)(KiAx,K2Ax)|^^- - G^^^'j^(Kix,K2x), (4.2.76) 







where the trace terms of higher twist are given by 



G\^^^^k^x,K2x) = / dA{(2Ax(,5^)a'^ - (1 - A)x,x^a'^a^)G(^,)(KiAx,K2Ax) 



\9apd^' + ^--^X(„J|^^n - ^K^XaXpUd^'\G'l,{Ki\x, K2\x) 



+ {^^9ap^+ X(^adp)^- |(^^X~ + lnA^XQ,j;/3n^^G(KiAx,K2Ax) 

^{j\9ap{xd) - Xxf^adp) + ^(1 - X)xaXpO^GPp{KiXx, K2Xx)^ (4.2.77) 
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The explicit twist decomposition of this operator by means of the Young tableaux (i) and (ii) 
gives 

(iv)a/ ~ ~\ I ^tw4(iv)b/ ~ ~\ ] /-(tw4(iv)c/ 



+ G 
+ G 
+ G 
+ G 
+ G 
+ G 
+ G 
+ G 



(«/3 
itw4' 
(«/3- 
tw4 
(q/3 

-tw5 

-tw6 
(a/?: 

-tw6 
(a/3: 
-tw6' 

(«/?: 

-tw6 
(a/3 

-tw6 
(a/?: 



\kiX, K2x) + G"^^^^'''"{kiX, K2x) + G^^j^^"''" (fi^lX, K2X) 



iv)dl , 



{kiX, K2x) + G^^'^J'"^'^'^{kiX, K2x) + G^^^p*"" (kiX, 
''^-'''(kiX, K2x) + G^^^J^''^''{kiX, K2x) 

iv)a/ ~ ~\ , ^tw6(iv)b/ ~ , ^tw6(iv)c/ ~ ~\ 

{KiX,K,2X) + G^^^I^^ {K,lX,K2X) + G^^p'^ [KlX, K2X) 



tw4(iv)el 



iv)dl , 



/ ~ ~\ , ^tw6(iv)d2 / ~ ~\ , ^Lwuuvjuo/ ~ ~\ 

{kxx,K2x) ^G^^^s^ (Kia;,K2a;) + G(^^^ {k,xx,K2x) 

iv)d4/ ~ ~\ , ^tw6(iv)cl / ~ ~\ , ^tw6(iv)e2/ ~ -s, 
{K\X,K2X) ^G^^^.^ (KiX, K2X) +G^^^^ (KlX,At2X) 

)e3/ ~ ~\ , ^tw6(iv)e4/ ~ -n , ^tw6(iv)e5/ ~ ~\ 
[KxX,K2X) + G^^^^■^ {KlX,K2X) + G^^p'-^ [KiX, K2X) 

'"^^KiX, K2X) + G(^^P^(kiX, K2X) + G(^^P^(kiX, K2X) , (4.2.78) 



tw6(iv)d3 , 



with the following operators of well-defined twist 

^tw4(iv)a|-^^~^^^~^ J ^X^—Q(^i^^Xx,K2Xx)\^ 



^tw4pb|-^^-^^^^^ =^(0^/3)0 dA *'^^^'' G{ki\x,K2Xx)\^^- - G|^^P''(kix,K2^) , 

^tw4(iv)dl^^^~^^^~^ =a^(a^/3)l^ / •^-^(^^iX" + ^-^)G{kiXx,K2Xx)\^^. 

^tw6(iv)dl, ^ 

(a/3) (KlX,Av2XJ, 

^tw6(iv)a|-^^^^^^^^ ^ _l^^^^U'iJ dA(^^^^ + lnA^G(AtiAa;,K2Ax)|^^-, 
^tw6(iv)b|.^^~^^^~^ = - |a;ax^n^ / dA(^^ - + ^^G(/ciAa;, K2Aa;)|^^- , 





and 



G 



.tw6(iv)dl 
(a/3) 



a! , InA , IniA 
2A A A 



^tw6(iv)d3/ ~ ~. 
(a/3) («;iX,K2J^j 



2 XdXpO 



\, n-X^ , In A , In^A 



^G(«;iAx, K2Ax)|^ 
^G{kiXx,K2Xx)\^^- 



being related to the scalar operator, as well as 

4 ■ 1 
^(I^)''''*''(^i^' ^2^) = - 9a(3d^ J dXjG+{KiXx, K2Ax)|^^- , 

'{kix,K2x)= ~2x^adp)d^' J dA(|^^^ + ^^G+(^ClAx,/^2Ax)|^^- 
_ ^tw6(iv)d2, ~ ~x 
(a/3) {KlX,K2X), 

;,tw4(iv)ei^^^^^^^-^ =X(a5/3)5^ / dA^^^G+(KiAx,/i2Ax)|^^- - G|^^|"-'''\kix, ^2^) 

»/ 



G 



G 



(a/3) 
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and 



J 

^tw6(iv)d3. ~ ^tw6(iv)d4, , 



and 



^tw6(iv)d4^^^ ^^2^) = - a^aX^DS'" / dA G^{ki\x, K2\x)\^^. , 

J 

^tw6(iv)el^^^~^^^~^ = - \xaXf^d^ / dA^^^^^ + G+(kiAx, K2Ax) |^^- , 

J 

^(Ii8)'''''^^('^i^''^25) =a;aa::/3n5'' / dA^^^^^ + ^^jG+(/^lAx,/^2Aa;)|^^- , 

J 

being related to the symmetric vector operator, 



{(xfi) {HiX,K2X) *-^(a/3) {KlX,K2X) ^ (al3) {rilX,K2X) 

G^^f^^^''^{Kix,K2x) =XaXpd''d'' [ dAi^G(^^) (ki Ax, K2AX) |^^- , 



^tw6(iv)f j-^^-^ ^2^) = - XaXpd^^d" / dA(l - A)G(^i,)(kiAx, K2Ax)| 

«/ 

being related to the symmetric tensor operator and, furthermore, 

G^^0)''^\'^i^^'^2x) =gap{xd) / dX-^G^p{KiXx,K2Xx)\^^., 



^tw4(iv)h^^^~^^^~^ =-a;(a^/3) dX XGPp{KiXx, K2Xx)\^^-- G^^^J^^^^{kiX, K2X) , 
^tw4(iv)e2^^^-^ ^^--j ^ _ j^^^Q^^J^ dA^^^G^p(KiAx, K2Ax)|^^-- (kiX, K2X) , 

^tw6(iv)hj-^^~^^^~-j = - ^a^aa^/jD / dA^-y^C^(«;iAa;,«;2Ax)|^^- , 

J 

^tw6(iv)e2^^^~^ '^2^) = ^XaXpD J dA^^^^^ + ^''^(ki Ax, «;2Ax)|^^- , 

6 k 1 

^tw6(iv)k^^^^^ ^^2^) = 2a^aa;/3n / dA (1 - A) G''p{KiXx, «;2Ax)|^^- , 

1/ 

^tw6{iv)e5j-^^~^^^~~j ^ _X^^^UJ^ ^X(^^^^ + ^^Gfp{KiXx,K2Xx)\^^-, 
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being related to the trace of the symmetric tensor operator. 

Here, it should be remarked that, contrary to the former cases (i) - (iii), the trace terms 
(|4.2.77|) contain operators having the same twist, r = 4, as the primary operator of symmetry 
class (iv). However, these operators being multiplied by either or Xa and xp are scalar 
or vector operators corresponding to symmetry type (i). Whereas the local operators result- 
ing from the twist-4 tensor operator of symmetry class (iv) are contained in the tensor space 
rp^n±2^ ri^-j -p^iLz^^ ■^^)) the local operators of the twist-4 scalar and vector operators are 
totally symmetric traceless tensors and, therefore, contained in the tensor space T(^, ^). 

Determination of the complete symmetric light cone tensor operators 

Now, having finished the decomposition of a general 2nd rank tensor operator, let us sum up the 
remaining symmetric tensor operators of twist greater than 3, which appear in the trace terms of 
the symmetric twist operators with Young symmetry (i), (ii) as well as (iv), to complete twist-4, 
twist-5 and twist-6 operators. 

The 'scalar part' of the twist-4 light-ray tensor operator is given by 

G^^^^{k.ix,k.2x) = -gaji^U j dAA(lnA)G(KiA2;,K2Ax) (4.2.79) 
— [xd) j dX^C p{Ki\x , K2\x) + j dA AG^(kiAx, «;2Aa 



and the 'vector part' of the twist-4 light-ray tensor operator reads 

7tw4,v 



Gtw4,v/ ~ ~\ ~ ^, 

(ad) {I^IX,H2X) = -X(aX 



^^dA{ (^2^ + A In a) dp) + \xp) + A In A + □}nG(Ki Ax, ksAx) 

+ j ^\dp) + \xp-){\n\)U^GPp{Ki\x,K2\x) (4.2.80) 
- C^[2{l-\^)dp) + \xp){l-\^ + 2\ii\)u\d^G+{Ki\x,K2\x)\ 

•JO ) x=x 

Furthermore, the contributions to the complete 'vector part' of the twist-5 light-ray tensor 
operator are constructed by means of the Young tableau (ii), and their local operators are 
antisymmetric^ traceless tensors contained in the space T(^, ^^y^) © T(^^y^, ^). This complete 
twist-5 tensor operator is given by 



1— A , lnA\ oi/r-i 



- (^~Y^ - ^ + 2^ In A^x^)n^x'^|G^(KiAx, K2Ax) 
- f dx{^ {6^p){xd) - x-^dp) - xp)d^)d^ - + ^^y^pid^x^ - g^^)] 

J 

X G(^^)(kiAx,K2Ax) i . (4.2.81) 



Note that antisymmetry is not in a and /3 but results from the differential operator! 
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The 'scalar part' of the twist-6 light -ray tensor operator has Young symmetry (i). Thus, the 

2 ' 2 



local twist-6 operators are totally symmetric traceless tensors lying in the space T(^^^, ^V^)- 



This nonlocal twist-6 operator is given by 

G^^JI^^{kix, K2x) = -XaX/jjl J dA^^^-y^ + hi A^G(kiAx, K2Xx) 
pi 

+ i □ / dA (iy^ + i^^) (cf^i^iiXx, K2XX) - 2^^'G+{KlXx, K2XX)) 

-9^9^/ dAiy^G(^^)(KiAx,K2Ax)| . (4.2.82) 

J x=x 

Now, we may pick up all the contributions to the symmetric (traceless) tensor operator. 
Together with the twist-2 part, Eq. ()4.2.2U|) . the twist-3 part, Eq. ()4.2.51|) . and the twist-4 
part, Eq. (|4.2.76|) . we finally obtain the following complete decomposition of the symmetric 
light-cone tensor operator (compare Eq. ()4.2.7() ): 

G(af^){KiX, K2X) = G*"^j'^(KiX, K2x) + (kiX, ^2^) + (^iX, Kax) 

+ ('^l^' '^'2^) + ('^1^' '^a^^) 

+ '^z^) + G'|^^)'(kix, K2x) . (4.2.83) 

Let us remark that by construction the terms of the first line are traceless, whereas the traces 
of the third line vanish because of antisymmetry and = on the light-cone, respectively. 
However, the traces of the second line do not vanish but restore the trace of the tensor operator, 

5"^G„^(kix, K2x) = 5"^G;5;(kix, K2x) + 5"^G;5;((kix, K2x)). (4.2.84) 

This may be proven explicitly by taking the trace of Eqs. 1)4.2.79^ and ()4.2.8U() . using (xd) = Xdx, 
performing partial integrations and observing the equality 

(^°/3 _ 29" x^ + (l/2)nx"x^)G(„^)(KiAx,K2Ax)|^^Q = 0. (4.2.85) 

Herewith, the twist decomposition of a generic bilocal 2nd rank light-ray tensor operator is 
completed. In the next Section we show how this general formalism may be applied also to tri- 
and multi-local light-ray operators. 



4.2.5 Conclusions 

Let us shortly summarize our results. We determined in a systematic way the various contribu- 
tions of definite twist for a generic bilocal 2nd rank tensor operator Gaf^i^ix, K2x) as well as its 
symmetric and antisymmetric parts G(cj^)(kix, K2x) and G[q,^](kix, K2x), respectively. In addi- 
tion, we determined the related vector and scalar operators which occur by truncating with x^ 
and x"x^ or (7"^, respectively. By projection onto the light-cone we obtained the decomposition 
of a generic bilocal light -ray tensor operator of 2nd rank - and its reductions to (anti)symmetric 
tensors as well as the related vector and scalar operators - into operators of definite twist. In or- 
der to make the main results quite obvious we summarize them in Table HHI and There, we 
indicate the different twist contributions to G ap{K,ix , K2x) = G(q^)(kix, K2x) + G[q,^] (kix, K2X) 
by their symmetry type (i) up to (iv) and the number of the corresponding equations; in the 
second half of the Tables the contributions from the trace terms are shown. 
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Eq. 


YT 


G(„^)(kiX,K25) 




\L'2.'M 


(i) 


r = 2 


- 


\A±^i\ 


(ii) 


r = 3 


- 


\A±Ah\ 


(ii) 


- 


r = 3 


14.1671 


(iii) 


- 


r = 4 


l4.1Vf)l 


(iv) 


r = 4 




I4.1V9I 


(i) 


r = 4 




I4.:^.«()l 


(i) 


r = 4 




\A±m 


(i) 




r = 4 


|4.'i.s1| 


(ii) 


r = 5 




I4.1V()I 


(ii) 




r = 5 


14.2.821 


(i) 


r = 6 





Table 4.1: Twist decomposition of general tensor operators Ga/s = G(^^p^ + Gj^,^]. 



Eq. 


YT 


G(„,)(kiX,K25) 


G'[q,i(kix,K2x) 




(i) 


r = 2 






(ii) 


r = 3 




\i±U\ 


(ii) 




r = 3 


\i±M 


(i) 


r = 4 




14.2.571 


(i) 




r = 4 



Table 4.2: Twist decomposition of general vector operators Gq 



The present study made also obvious how difficult an exact treatment of higher twist con- 
tributions will be. There is a complicate interplay between the higher twists resulting from 
different symmetry types and the corresponding trace terms. The results also suffer from the 
equations of motion (EOM) which are frequently used in the applications because they do not 
contribute between physical states jlllj . The twist decomposition of these EOM operators 

^^^Ori^ix, K2x) = ^P{k.ix)TU{kix, fi2x) \IJ) — m ip{K2x) 

— 'lp{Kix) \Ip+m TU{kiX, K2x)lp{K2x), 

is analogous to the corresponding quark operators Or{Kix, K2x) which is given in |961 163j . The 
only difference is that for the equation of motion operators the canonical dimension and the 
twist raises by one unit. 



4.3 Extension to trilocal tensor operators 

The procedure discussed in the previous Section for bilocal gluon operators may be extended 
to trilocal operators, too. These operators occur in the higher twist contributions to light- 
cone dominated processes and, additionally, as counterparts in the renormalization of such 

'^After substitution r — > r — 1 in all formulas for G[a^](Kii, K2i) in Table UTTI we get the corresponding twist 
decomposition for the bilocal operator Myi^f3^{hi\x, K2x). If we substitute dA A ^ dA in the formulas for the vector 
operator Gc,{k.iS:, hi2x) in Table one obtains the twist decomposition for the operator Oa{i^ix, K2x). 
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higher twist operators which have been obtained in Section 14.21 In the fohowing we consider 
various trilocal operators of minimal twist-3 and twist-4. The local versions of such higher twist 
operators have been considered already in the early days of QCD in systematic studies of deep 
inelastic scattering j68j and on behalf of giving some parton interpretation for the distribution 
amplitudes |11H l53l 11171 WE\ l38] . Various studies of local twist-4 operators determined their 
anomalous dimension matrices and the behaviour of their structure functions jl221 11U91 IIUUI 
linH I75j. The relevance of local twist-3 operators for the structure function g2 of polarized deep 
inelastic scattering is also well-known ETl 03 [113 EH EOl EH EH • If written nonlocal ah 
these operators are necessarily multilocal. However, nonlocal higher twist operators have been 
extensively used in the study of the structure function g2 1611 162j and of the photon and vector 
meson wave functions |1U1 1111 1141 115j . 

Here, our main interest is not to give an exhaustive study of the various scattering processes 
but to present the twist decomposition of some characteristic multilocal operators. 



4.3.1 General trilocal tensor operators: Quark— antiquark—gluon, four— quark 
and four— gluon operators 

This Subsection is devoted to the consideration of trilocal operators which share the same twist 
decomposition as the gluon operators Gaf3 (or their (anti) symmetric parts). We call them 
unconstrained because their truncation with does not vanish identically. In order to 

compactify notations we introduce the following abbreviations: 

r = {l,75}, rj, = {7a,757a}, K(3 = W afS , l5(^ afs} , F^^ = {F^^ ,F^^} . 
Quark ant iquark gluon operators 

First, we consider the following quark-antiquark-gluon operators,^ 

V^p{Kix, Tx, K2x) = V'(kix)[/(ki3;, tx)T'^J' Fj^^{Tx)U {tx , K2x)'4){k2x) , (4.3.1) 

and 

('^1^' '^2^;) = ^(kix)[/(ki2;, tx)T^ Fl^p{Tx)U {tx, K2x)iI){k2x) , (4.3.2) 

whose minimal twist is T^in = 3 and 4, respectively; they have the same symmetry as the 
gluon tensor operators Gaf3 and G[q^], respectively. The trilocal operators ^^^(kix, rx, «;2x) 
are inalienable for a systematic study of the chiral-odd twist-3 distribution functions /il(x) and 
e{x) |791 1941 1^ 113j which give information about the quark-gluon correlations in the nucleon. 

In order to be able to apply the procedure of twist decomposition as well as the results of 
Section 14.21 we have to verify the local structure of these trilocal operators. Let us study, for 
example, the first of the above quark-gluon operators, V^l, in some detail and Taylor expand 



For simplicity we restrict to the nonsinglet case and suppress flavour matrices. 
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its three local fields around y = 0: 

V^^{kix,tx, K2x) = 

= ij{Kix)U{KiX, 0)U{0, Tx)aJ'Fi3p{Tx)U{TX, 0)C/(0, K2x)i}{K2x) 



ni,m,n2=0 
oo 



ni!m!7i2! 



{xD,rFp,{z 



N n 



N-n 



Ar=0 \n=0£=0 ^ ^ 

where the left and right derivatives are given by Eqs. (|2.2.4p . and 
This leads to the following expansion into local tensor operators 




oo 

V^l{tiiX,TX,K2x) = X] ]V!' 



(4.3.3) 



(4.3.4) 



where 



11 

Q/3/ii.../i]v 



[ki,t, K2) = ^(0)(t/ D[^p]^^...^^(Ki,r, K2)V'(0), 



(4.3.5) 



and the field strength-dependent generalized covariant derivative of A^th order is given by 



D 



[/3p]/ii...^tjv 



,Kl,T, K2) 



(4.3.6) 



n=0 ^=0 



[N-ny. 



D 



•^m^/3p(0) 



±2 



/in • 



Obviously, if the field strength were not present this operation would reduce to the product 

-D^i (ki, K2) . . . D^^{ki, K2) of generalized derivatives ()2.2.4() . Furthermore, for r = we are left 
with a more simple expression which, however, cannot be reduced to the A^th power of some 
extended derivative because F is equipped with some matrix structure. Anyway, the local tensor 
operators (|4.3.5)) of rank + 2 with canonical dimension d = N + 5, which are given as a sum of 
^(A^ + 1){N + 2) terms, have to be decomposed according to their geometric twist. In principle, 
this has to be done term-by-term. But, because of the linearity of that procedure we are not 
required to do this for any term explicitly. 

Due to the same general local structure of V^^ and - which is governed by Taylor 
expansions completely analogous to Eq. (|4.3.4|) - their decomposition into terms of definite twist 
leads to the same expressions as we obtained in Section [4.21 but with Gafs and G[af3] exchanged 
by V^^ and W^^, respectively. The only difference consists in a shift of any twist by one unit, 
r ^ T + 1, in the various inputs of Table WTH and W?^ 

In contrast to the operators V and W the quark-antiquark-gluon operators 

Ollp{Kix, Tx, H2x) = x'' '4){kix)U {kix, Tx)Tl^F^p{Tx)U {tx , K2x)4){k2x) (4.3.7) 



and 



0'l^p{KlX, TX, K2X) = x''x^iP{kix)U{kiX, Tx)Tl^pFp^{Tx)U {tX, K2x)'ljj{K,2x) (4.3. 



are special, namely, despite of their arbitrary symmetry with respect to a and (3 they vanish 
identically if multiplied by x^ and or x^, respectively. Therefore, they show some peculiarities 
which will be treated in Subsection 4.2. 
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Four quark and four gluon operators 



Let us now consider trilocal operators which are built up from four quark or four gluon fields. 
We denote them by ^'^^p with / = and 1 = 2, respectively (here, / counts the number of 
external x's of the operators): 

"'^"°Q^^(kix, tx, K2x) = ( V'(Ki2;)r^C/ (kix, tx)'4){tx)) ( ■4){tx)U{tx, K2x)Pp1p{K2x)) (4.3.9) 

as well as 



^ '^Q%{><'lX,TX,K2X) 



apaf) 



KiX^ TX, K2X) 



XPx''iF^^,{Kix)U{KlX,Tx)Fi>'{Tx)](Fl''{Tx)U{TX,K2x)Fp,{K2x) 



(4.3.10) 



Both sets of operators have minimal twist Tmin = 4. Their local versions have been already 
considered by various authors, see, e.g., [73]. The explicit form of the local operators will be 
given below. Because there are no restrictions concerning the free indices a and (3 the Young 
patterns (i) - (iv) are involved. The twist decomposition may be performed along the lines of 
Section 14.21 and, as in the foregoing cases, the outcome will be almost the same as for Gap- 
Again, the difference is that now the value of twist raises by two units, r r2, relative to 
the gluon operators. In addition, because of the change in the external x-factors (not being 
accompanied by A) the measures of the A-integrations have to be changed according to (see also 
Subsection 4.2) 

dA — >d\\^. (4.3.11) 



Open, up to now, is the structure of the local operators. Let us study in detail the first 

11 



of the four-quark operators, ^ ^Q^n, whose Taylor expansion may be written in two equivalent 



ways: 



^ ^Q}a3{K.lX,TX,H2X 



I - (4.3.12) 

= ( ^/i(Kix)7a[/(Kix, 0)C/(0, tx)-(/;(tx)) (^/i(rx)L''(rx, 0)[/(0, K22;)7/3^(k2x)) 



/ -I n 



n\ ,771,712=0 

oo 



rv 1 / '•'2 

ni\m\n2\ 



711 



711 



7a 



712 



y=z=0 



'- ^^_{^iy){ xDy{Ki,T) ] Jai'iy) 

711=0 



"2 



^ n2=0 ^ 



z=0 



where the two possibilities also use different generalized covariant derivatives. The left, right 
and left-right derivatives are given by Eqs. (|2.2.4() . and, treating ^(0)'(/'(0) as a matrix in the 
group algebra, another form of the derivative obtains: 

(v(o)v^(o)) = {mm) + H^t., {mm)] 
D^m) m+m (mD^ 



This leads to the following expansion into local tensor operators 



^ ^Qa(3{'^lX,TX,K2x) = £ ^ 



(4.3.13) 



N=0 
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where 

'=°2lV...;.^(^l.^'^2) = V^(0)7aD^,...^^(Ki,r,AC2)7/3^(0), (4.3.14) 

and the quark field-dependent generahzed covariant derivative of A^th order is given by 

N ^ ^ ^ ^ 

D^,...^^(Ki,r,K2) = Yl • • •^/^nV'(O) X V^(0)B^„^, ...D^^ (4.3.15) 

ra=0 

= E ^' E • • • ^/^n-. (^^^Mn-.+i • • • D,„m 

n=0 £=0 

^ E + l • • • ^IJ-n + k fc![7V-n-fc)! + 1 ' ' ' MJV " 

k 

Analogous generalized covariant derivatives occur for the four-gluon operators. The only dif- 
ference will be that instead of the quark fields corresponding gluon field strengths appear in 
H4.3.15p . and that the derivatives are to be taken in the adjoint representation. Despite having a 
complicated structure this does not matter in the twist decomposition of the trilinear operators 

^Qa0iKlX,TX,K2x). 

Let us finish this Subsection with a short remark concerning so-called four-particle operators 
which also have been considered in the literature for local operators. These operators have the 
general structure, cf. |11H [53] 

{i}U'tp){ipUip), {i^UFUFUi)) or (FUFUFUF), 

with any field being located at a different point KiX,i = 1,...,4. The expansion into local 
tensors is obtained in the same way as above, leading to a general expression of the following 
form: 

^Uo^piKix) = —^x^'^...x^'^xP...x''^n^pp,„„^„„^^{K,), (4.3.16) 

where the terms with equal value of are given as well-defined sums of local tensor operators. 
Any of these operators decompose in the same manner into irreducible representations of the 
Lorentz group. The latter result is immediately related to the fact that all indices 
are to be symmetrized, i.e., lying in the first row of any relevant Young tableau! Different 
symmetry classifications solely depend on the distribution of the remaining indices ajSp . . .a - 
the others being somehow truncated - to the various Young tableaux. As long as only up to 
two free indices a[3 are relevant the twist decomposition takes place according to the results of 
Section [4.21 eventually modified by the power which is related to the number of external x^s 
in ^TZ. In addition, the twist of the various components may be shifted by some (equal) amount. 

4.3.2 Constrained trilocal operators: Shuryak-Vainshtein— and three— gluon 
operators 

Now we consider the special quark-antiquark-gluon operator O^^^, Eq. ()4.3.7|) . and related 

three-gluon operators both having minimal twist-3; they will be denoted by ^0^^^{kix,tx, K2x) 
with 1 = and 1 = 1, respectively. The quark-antiquark-gluon operators are given by 

^=°Oiy«ix,rx,K2x) = x^^=0O^^^^(Kix,rx,K2x) (4.3.17) 
= x'' 'iI^{kix)U{kix,tx)TI^FI {tx)U{tx, K2x)iIj{k2x) , 
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where again some possible flavour structure has been suppressed. These operators are related 
to the following generalizations of the so-called Shuryak-Vainshtein operators jll71 |H] , 

S^{kiX, TX, K2x) = x"' [^~^O^f^{niX, TX, K,2X) ± [^~^0'^i^{niX, TX, K,2x))x°', 

which, in the flavour singlet case, mix with the following three-gluon operators: 

^=^Oip{KlX, TX, K2X) = X'^X'' ^=^Oipp^{KiX, TX, K2x) (4.3.18) 

rpi be 

I3p 



--xPx'' F^,{kix)U''\kix,tx)F'J';{tx)U''\tx, K2x)F^''{k2x) , 



where F^^^ix) = f°''^^ F^ij{x) and the phase factors are taken in the adjoint representation. 
Because of their construction these special trilocal operators have the property 

x'^^O^p{KiX,TX,K2x) =0. (4.3.19) 

They contain twist-3 up to twist-6 contributions which, because of the antisymmetry of the 
gluon field strength, have to be determined by means of the Young tableaux (ii) - (iv). Because 
of (|4.3.19|) the scalar operators ^©^"'^(kix, rx, K2x) vanish identically. 
The Taylor expansion of the operator ^^^^p{Kix,Tx, K2x) reads 



oo 



^=0O1)3(kiX, TX, K2X) = 4^^^^ • • • '=°Oa^p^,...M^ K2) , (4.3.20) 



with 

'=°Oa'^PMi...Miv(^i'^''^2) = V5(0)7aD[^,]^^,„^^(Ki,r,AC2)V(0) , (4.3.21) 

where the field strength-dependent derivative already has been given by H4.3.6|) . The Taylor 
expansion of the related three-gluon operator obtains as follows: 

oo ^ 

'=^0]^p{Kix,Tx,K2x) = J^-^"' ■ ..x^^x''x'' '='0^pp.^^ ....J^l , T, K2) (4.3.22) 

N=0 

where 

'='Oi'^,^^^,,,^jKur,K2)^F^M^M,,...^^^^^ (4.3.23) 

with the same field strength dependent generalized covariant derivative 1)4. 3. 6|) . but now in the 
adjoint representation. The generalization arbitrary values i and j is obvious. 

As it became obvious by the above considerations all the nonlocal three-particle operators 
^O^f^ have the same general local structure and, therefore, decompose according to the same 
symmetry patterns. They only differ in the rank of the local tensor operators which is due to 
the external powers of x. Again, this must be taken into account by a change of the integration 
measure according to^ 

dA — > dX A^+i . 
From now on we omit the indices i and j. 



^Observe, that because of notational simplicity in the exphcit expressions below we shifted the variable / 
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In order to determine the twist-3 light-cone operators ^Oq,^(kix, tx, K2x) for I = and 1 = 1, 
let us consider the following Young tableaux of symmetry pattern (iiB) 



p 


Ml 




UN 


a 







and 



p 


cr 


Ml 






a 


/3 





respectively: 
-1 



^0'^p^{Kix,Tx,K2x) = \ dAA^[(l+A2)(5^a« + (l-A2)5^5/3]^0^(KiAx,rAx,K2Ax) 

= ^O^^p^{t^ix,Tx, K2x) + ^0^^|)(Ki2;,rx, ^ax) ; (4.3.24) 



here, and in the following, we write = x^Op^. Let us remark that, first, because of property 
H4.3.19p . only the above mentioned Young tableaux contribute and, second, the difference be- 
tween the expressions (|4.3.24|) and (|4.2.43|) result also from that property, namely the truncation 

o o 

by xP in the second term of the integrand, —x^ dadp^O ^{kix , tx, K2x) = 26^^dp-^^0 ^{kix, tx, K2x), 
after partial integrations leads to the above expression 1)4. 3. 24(1 . In the case / = this operator is 
in agreement with the expression given by Balitsky and Braun (cf. Eq. (5.14) of 9 ). However, 
their operator lacks to be really of twist-3 since it is not traceless; therefore it contains also 
twist-4, twist-5 as well as twist-6 operators resulting from the trace terms. 

Now, let us to project onto the light-cone. As in the case of the gluon tensor only the first 

o 

terms, k = 0,1,2, in the expansion of ^C'^(kiAx,tAx,K2Ax) are to be taken into account. For 
the antisymmetric part of the twist-3 operator one gets 



p1 

J dXX^+^diJOp]{KiXx,TXx,K2Xx) -^O^^^Ii^{Kix,T3:,K2i) (4.3.25) 



where 



'OlJ^iKlX,TX,K2x) = \j^ AXX^+\l - A)(2X[,9^]a^ - X^J^pf\) 

X p{kiXx,tXx, K2Xx)\^^-. 

The decomposition of ^O^^0^{kix,tx, K2x) arises as 



'OQ^-^'{kix, tx, K2x) = '^C'|^^|"^(ki5, tx, K2x) + -'Oj' 



«/3] 



KlX, TX, K2X) , 



(4.3.26) 



(4.3.27) 



with 



^1 

^O^^P^''\kix,tx,K2x) = -2Xyadi3]d^ / dX X\l - X^)^0 ^.{kiXx ,tXx , K2Xx)\^^- , 

J 

^^[r/3|"^('^i^''^^''^2x) = -\xya{b^p-^{xd) - x^dp-^U 



X / dAA^(l-A)2^C'^(fi;iAx,rAx,K2Ax)|, 



The symmetric part reads 



^0^^^)(KlX,rX,K2x) = y AXX^di^JOfi){KxXx,TX±,K2Xx)-^Ol^^^{KxX,TX,K2x) (4.3.28) 
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where 



'OlJ;f^iK,x,Tx,K2x) = I 'dAA^{i(l - X')ga(3d'' + f (1 - X)5^^Xf,p (4.3.29) 



+A(i - A)x(«a^)a^ - i(i - xfxaxpdf'nyo^iK,Xx,TXx, k2Xx)\^^-. 

Let us remark that the conditions of tracelessness for the hght-cone operators are: 

g''^'O'(;^l){Kix,Tx,K2x) = 0, d-^0*^3^(Kix,rx,At2x) = 0, 

d°'Og](Kix,rx,At2x) = 0. 

Now we can calculate the twist-3 vector operator from the twist~3 tensor operator. The 
twist-3 light-cone vector operator reads 



^0'^\KiX,TX,li2x) 



dXX 



2+1 



6^{xd) - xf'da - xad^"] ^0^{kiXx, tXx, K2Xx) 



^OainiX,TX, K2X) — Xa / dX X"^^^ ^(D ^{niXx , tXx , K2Xx)\ 

Jo 



(4.3.30) 



and the twist-4 vector operator which is contained in the trace terms of the twist-3 vector 
operator 

"1 



dA X'^+^d'' ^O^iniXx, tXx, K2Xx)\ 



(4.3.31) 







The determination of the antisymmetric twist-4 operator having symmetry type (iii) obtains 

and 



p 




|^ijv| 


/3 






a 







from Young tableaux 
use of property (|4.3.19j) . the result is 



p 


a \pi\ 










a 







, respectively. Again, making 



'0'^^l^iKix,Tx,K2x) = / dAA2+^<5^(x9)5^]-2x'^a^]yO[^,](KiAx,rAxA2Ax)|^^- 

J 



~ ^[al3] {KiX,TX,K2X) 

twist-5 part is determined by the trace namely with 

-1 



(4.3.32) 



C>[al3] {kiX,TX,KX) 



dA 



X'{l-X'){x[^{5^^^{xd)-x^^dp{) 



- X[aS^l^^x''^nyO[f,i,]{KiXx,TXx,K2Xx)\^^-. 

The antisymmetric twist-5 tensor operator is given by: 

I/ntv/5 / ~ ~ ~\ //ntw5(ii) / ~ ~ ~\ . 7^/-,tw5(iii) / ~ - -\ 
C[a/3]('«13;,TX,KX) = Oj^^]' '(KlX,rX,Kx) + Oj^^j' '(KlX,rX,Kx) 

= -|x[«(5^j(xa) -x''a^])n^dAA^(l-A)2^C'^(KiAx,rAx,K2Ax)|^ 
dA A^(l - a2){x[„(5^'J(x5) - x^^dfi^d^^ 



(4.3.33) 



-x[„5j;x-in 



^I'^C'lH (kiAx, tAx, k2Ax)|^^-. 



(4.3.34) 
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Finally, we obtain the complete decomposition of the antisymmetric tensor operator: 



^OlaP]{KlX,TX, K2X) = -'^C'["^p(KlX,rX, K2X) + -^Oj^^^'"^ (kiX, TX, K2X) 

+ ^Of™^^f")(Kix, rx, K2X) + 'Of5](A^ix, rx, K2x). (4.3.35) 

The determination of the symmetric twist-4 operator having symmetry type (iv) obtains 
from Young tableaux 



p 


Ml 








p 


(T 


pi 


UN 


/3 


a 






and 




a 





respectively. Making use 



of property (|4.3.19|) the result is 

^(^^(lP)"\f^l^,TX, K2X) = 







(^(af3) {'^lX,TX,K2X) , 



(4.3.36) 



where 



^0>g)(Ki5;,rx,K2i) = (4.3.37) 

/ dA| (^2A2+^X(„(5^)a^ - A^+^(l - A)x„x/3a^a''yO(^^)(KiAx,rAx,K2Ax) 

- |(aV/35^ + A^(l - A2)x(„(5^)n - iA^(l - A)\„x;3na^yO^(KiAx,rAx,K2Ax) 
+ (|A^5a^(x9) - A^+'^X(c,9^) + ^A^+'^(l - A)xaX/3nyC'^^(KiAx,rAx,K2Ax)| 



Now, we use the property (|4.3.19|) and sum up the symmetric higher twist operators, which 
appear in the trace terms of the symmetric twist operators with Young symmetry (ii) and 
(iv), to a complete twist-4, twist-5 and twist-6 operator. The complete twist-4 operators are 
constructed by means of the Young tableau (i). The 'scalar part' of the twist-4 tensor operator 
is given by 

^O^i^'^'^{kix,tx, K2x) = ^gaf3^{xd) J dX ^O^p{kiXx,tXx, HC2Xx) (4.3.38) 



/ dAA^+' '0/,(KiAx,rAx,K2Ax) 
Jo 



and the twist-4 'vector part' reads 



^O^f^'^'^{Kix,Tx,K2x) = -X(q,| J dXX^ |(?^) + ^x^)(lnA)n|-^C'^p(KiAx,rAx,K2Ax) 
- ^ dAA^ {(1 - X^)dp) + |x^)(l - A2 + 21nA)n}9^^0^(KiAx, 



rAx, K2Ax) 



(4.3.39) 



Furthermore, the complete twist-5 vector operator is again constructed by means of the Young 
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tableau (ii). The 'vector part' of the twist-5 tensor operator is given by 



^0^^^^^{l^lX,TX,K2X) = -X(q,X (4.3.40) 

|i ^ dA A^(^(l - Xf{5l^{xd) - x''dp))U + 2(l - A + lnA)x^)9''n) ^©^(kiAx, rAx, ksAx) 
,■1 

- dA A^{(1 - a2) [5l){xd) - x^dp) - xp)d^)d^' - (1(1 - A^) + lnA)x^)n(a'^x'^ - 5^^^)} 

J 

X ^©(^(^^(kiAx, rAx, K2Ax) 



The fuU twist-6 scalar operator has Young symmetry (i). The 'scalar part' of the twist-6 tensor 
operator is given by 

[l^lX,TX,K2X) 

= XaXp^U dA A^ (l - A + In A) (^''^©^(ki Ax, rAx, K2AX) - ^©^^(ki Ax, rAx, KgAx)) 



+ d^'d" dA A^(l - A) ^C'(^.^) (kiAx, rAx, ksAx) | 



(4.3.41) 



Thus, together with the twist-3 part, Eq. H4.3.28() . and the twist-4 part, Eq. ()4.3.36|) . we 
finally obtain the complete decomposition of the symmetric tensor operator: 

'^C'(a/3)(KlX, rx, K2X) = ^O^^^j"^ (kiX, TX, K2x) + ^O^^f"\KiX, TX, K2x) 

I 7/-/-itw4,s/ ~ ~ ~\ I //-/-itw4,v/ ~ ~ ~\ I 7/ntw5,v/ ~ ~ ~\ 
+ {KiX,TX,K2X) + C^^^) [KiX , TX , K2X) + C^^^^ {kiX,TX,K2X) 

+'0'^lf{K^X,TX,K2x). (4.3.42) 

4.3.3 Conclusions 

In this Section we have discussed the twist decomposition of trilocal light-ray operators. The 
only difference is that the respective values of twist increase by a definite amount which is equal 
for any given operator and possibly, depending on the number / of external x-factors, by a 
change in the integration measure, dA — > dA A^. The applicability of our procedure for bilocal 
operators rests upon the fact that the general form of the Taylor expansion (around y = 0) for 
any of the nonlocal operators is the same: It is given by an infinite sum of terms of A'^th order 
being multiplied by x^^x^"^ . . .x^'^ where each term consists of a finite sum of local operators 
having exactly the same tensor structure. In principle, this works also for multi-local operators 
of higher order. 

However, there are special trilocal operators which do not immediately fit into the general 
scheme of Section 14.21 Its twist decomposition is obtained by restricting the expressions of the 
generic case to the special conditions under consideration. The results are classified in Table 
and l4.4[ again by indicating their symmetry type and the number of the corresponding equation. 
In the same manner one should proceed for other kinds of special multilocal operators like that 
of Eq. (|0:8l). 

The various tensor operators which we considered here are nonlocal generalizations of local 
operators partly considered earlier in the literature for twist-3 and twist-4. There, as far 
as possible an explicit twist decomposition has been circumvented by truncating any of the 
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Eq. 


YT 


type 




I4.;-!.28I 


(ii) 


sym 


r = 3 




(ii) 


asym 


r = 3 




(iii) 


asym 


r = 4 


\AMm 


(iv) 


sym 


r = 4 


\A.:\:M 


(i) 


sym 


r = 4 


\A.:m 


(i) 


sym 


r = 4 


\i±'M 


(i) 


asym 


r = 4 


|4..s.4()| 


(ii) 


sym 


r = 5 


\A.:\M\ 


(ii) 


asym 


r = 5 


I4..S.41I 


(i) 


sym 


r = 6 



Table 4.3: Twist decomposition of special tensor operators ^Oa/s with the property x^ ^Oa/s = 



Eq. 


YT 


^Oai^lX, TX, K2X) 


14.3.301 

14.3.311 


(ii) 
(i) 


r = 3 
r = 4 



Table 4.4: Twist decomposition of special vector operators ^Oa with the property x" = 

(constant) totally symmetrized tensor indices of the local operators by some light-like vector 
n^, i.e., by reducing to the scalar case. To the best of our knowledge the only work where the 
twist decomposition of (scalar) bilocal operators has been considered is that of Balitsky and 
Braun [S]. However, their work is based on the external field formalism and does not have an 
obvious group theoretical systematics. 

In principle, our procedure may be extended also to tensors of arbitrary high rank. Despite 
being defined by an obvious algorithm, its application to the next step, the twist decomposi- 
tion of a generic 3rd rank tensor operator, will be very cumbersome. First of all, it would be 
necessary to determine the projection operators onto all traceless 3rd rank tensorial harmonic 
polynomials and, secondly, also additional Young patterns had to be taken into account. For- 
tunately, such kind of nonlocal operators - at least in the near future - may not be of physical 
relevance. Therefore, any further study in that direction seems to be reasonable only from a 
group theoretical point of view. 

4.4 Harmonic operators of definite geometric twist in terms of 
Gegenbauer polynomials and Bessel functions 

4.4.1 Totally symmetric harmonic operators of any geometric twist 

Let us now discuss the twist decomposition of a scalar operator of degree n into all its twist 
parts by means of the polynomial technique. In this way, the scalar operators of degree n 
are the generating polynomials of symmetric tensors of rank n. In this case, the infinite twist 
decomposition of non-local (scalar) operators into the infinite tower of harmonic operators of 
definite twist is possible. The corresponding group theoretical background has been formulated 
and proven by Bargmann and Todorov In order to demonstrate the efficiency of the 

polynomial technique and because of their physical relevance we apply it to the complete twist 
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decomposition of the scalar operators N{x, —x), M(x, —x) and 0{x, —x) having minimal twist 
r = 3 and r = 2, respectively, as well as to the related vector and tensor operators. 



Scalar harmonic operators without external operations 

To begin with the simplest case let us study the local operators Nn{x) of degree n which are 
generating polynomials of symmetric tensors of degree n. The general formula for the decompo- 
sition of the local scalar operator iV„(x) which can be considered as a homogeneous polynomial 
of degree n into its harmonic polynomials of definite twist r = 3 + 2j, j = 0, 1, ... , is given 

by m 

[-] 

where the harmonic operators of definite twist are defined by (see also Ref. jl21| . Eq. 9.3.2(3)) 
They satisfy the condition of tracelessness 

aN'jj^;'^\x) = 0. 

Therefore, the polynomials of Eq. (|4.4.2() span the space of homogeneous harmonic polynomials 
of degree n — 2j. 

After the substitution Nn{x) = j d'^p N{p){xp)^ into (|4.4.2|) . and using 

we rewrite these harmonic operators in terms of Gegenbauer polynomials as follows: ^'^ 

'^-S""'^) = I (^VPV)"" Ci.,, . (4.4.3) 

From the group theoretical point of view, Eq. (|4.4.3j) is another form of the harmonic extension 
H4.4.2|l . Here, the p— integration introduces a superposition of the Fourier transforms N{p) times 
p'^^ with coefficients being (two-sided) harmonic polynomials, 

hL2M^) = (^V9^)""''ci_2,(px/v9^) (4.4.4) 

with 

hl_2jip\x) = = aphi_2j{p\x), hi^2jip\^) = hi.2jix\p)- (4.4.5) 

The resummation of the local expressions Nn{x) according to N{x, —x) = '^^=q{^'^ /n\)Nn{x) 
is obtained by using the well-known integral representation of Euler's beta function, 



B{n, m) 



V ! = / dtt"~ni-i) ■ (4.4.6 



^'^Let me note that the Chebyshev polynomials of the second kind, Un{z), used in Refs. |16II23| are defined in 
terms of Gegenbauer polynomials as follows: U„{z) — C^{z) (see 
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Then the (infinite) twist decomposition of the nonlocal scalar operator N{x, —x) into nonlocal 
harmonic operators A^*'"(^~'"^-')(x, — x) of twist r = 3 + 2j, j = 0, 1, 2, . . . , reads 

A^(x,-x)=Artw3(^^_^)^^^__^__ dtt{l-ty-'N''^'-'+'^\tx,-tx), (4.4.7) 

with 

-1/2 



^tw{3+2i)^^^ ^ d4pAr(p) (_p2)i (1 + pQ^) (^v^(px)2 -p2^2y 

X Ji/2 QVM'-P'^') e'P"/'. (4.4.8) 

Let us remark that, for notational simplicity, in Eq. 1)4. 4.7(1 we wrote the nonlocal harmonic 
operators for j > 1 without including the integration over t which is due to the normalization 
of the local harmonic operators, cf. Eqs. (|4.4.1I) and H4.4.3|) . The normalization of the nonlocal 
harmonic operators may be read off from the terms in front of the t— integral in Eq. (|4.4.7() . 
Let us point also to the remarkable fact that the property of harmonicity is independent of j; 
this obtains immediately from the fact that the following expressions are (two-sided) harmonic 
functions, 



ni{p\x) = (V(px)2-p2a;2) Q^M'-p'^') ^'""^^ 



(4.4.9) 



with 

□,Hi(p|x) = o = npWi(p|x), ni{p\x)=ni{x\p). (4.4.io) 

Furthermore, we observe that the factor (1 +pd/dp) in Eq. (|4. 4.8(1 may be changed into (1 + 
xd/dx) after which it can be taken outside the p— integration and, in Eq. 1(4. 4. 7p . could be 
changed into (1 + td/dt); if desired, this could be used for a partial integration. 

The resulting expression ((4.4.8() can be rewritten in a form which, in the case j = 0, has 
been already introduced by . Namely, using 

.--■^.„.v*)^(-ry!(i^)"(^). (-.11) 

we obtain 

^tw(3+2,)(^^ -x) = I d^pNip) i-py -^=l===pdp (sin (iVM2_p2^2) eif-/2) 

= / d^pN{p) {-py ^ =({px + V(px)2-p2^2) g(i/2)(px+V(px)2-p2x2) 

J 2y (px)2 — p'^x'^ \ 

- {px - yJ{pxY - p'^x^) e(i/2)(p^-V(p^)'-p'^')^ (4.4.12) 

= J d^pNip) i-py { cos (l^{pxy-p2x^'^ + ^^^^|r_!p2^2 {lViP^?-P^^^) }e'^"/'. 

If we use the abbreviation, which was introduced by Balitsky and Braun (see Eq. (5.15) in 
Ref. dU), 

[e'^lit = { cos {IViP^r-p'^') + ^(p^)r_jp2^2 {IViP^r-p'^') }e'""/', (4.4.13) 
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we may rewrite Eq. ()4.4.12jl according to 

iV*"(3+2i)(^^_^) ^ / d^piV(p)(Vy [e'^^'lif (4.4.14) 



Analogous results may be obtained also in the more complicated cases which will be considered 
below. 

Scalar harmonic operators with external operations 

Now, let us consider the case of the operators 0{x,—x) = x^Oaix, —x), where an additional 
power of X occurs through contraction of the vector operator with x". Therefore, the formulas 
(|4.4.1|) and (|4.4.2)) are to be written down for the scalar operator On+i{x) = J d'^pXfj_0'^{p){xp)^, 
i.e., by replacing n by n + 1 within these expressions for the decomposition into harmonic 
operators of any twist r = 2 + 2j. Then the decomposition of the scalar local operators On+i (x) 
reads: 



where the local harmonic operators of twist r = 2 + 2j are given by 

k=o 

After performing the differentiations O^^^ On+i{x) we can rewrite these harmonic operators in 
terms of Gegenbauer polynomials as follows: 

where the additional terms proportional to occur because of the appearance of derivatives with 
respect to Gamma structure (2:7). The change in the order of the Gegenbauer polynomials and, 
consequently, in the order of the Bessel functions and the accompanying factors -y/ (px)"^ — p'^x'^ 
occurring below, is also due to that fact. Of course, for j = we re-obtain the expression ()3.3.14|) 
Resumming with respect to n ( > 2j it 1 or 2j, respectively) and, again, using the represen- 
tation (|4.4.6jl of Euler's beta function we obtain the following (infinite) twist decomposition 



0{x,-x) = 0*™2(a;,-x) 

3 

with 



0° 2j rl 

+ 11^]^— Ty, I dtt{l-ty-'0'-('+'^\tx,-tx), (4.4.18) 



Qtw(2+2i)(^^_^) ^ipO^{p) (V)-'j {x^{2 + pdp) (4.4.19) 

X (3+p5p) (^a/ (px)2 - p2a;2^ ^ Q\/ {pxY -p^x"^ 
- 2j ^ (l+pdp) [^{pxY-p^x^y^'^Jy^ I eW2. 
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Again, by convention, the resummed nonlocal harmonic operators 0^^^'^^'^^\tx, —tx) of twist 
r = 2 + 2j, J = 0, 1, 2, • • • , are obtained by changing any x tx. Also here analogous comments 
are in order as for the simpler case of the operator N{x, —x). Harmonicity of the nonlocal 
operators ()4.4.19|) . □0*™*^^"''^-')(x, — x) = 0, holds by construction. Obviously, for j = we 
recover the expression (|3.3.16j) . 

Finally, we consider the scalar operator M{x,—x) = x'^d^M[^^^{x, —x) resulting from the 
skew tensor operator M[^j,](x, —x). This operator is governed by totally symmetric tensors since 
the skew tensors M[^j,]„ having symmetry type [n + 2] = (n + 1, 1) are composed with another 
skew tensor x^'^d^^ having symmetry type [2] = (1, 1) and the Clebsch-Gordan series of their 
direct product consists only of one symmetry type, [n] = (n). 

The local operators are decomposed according to formulas (|4.4.H) and (|4.4.2jl . However, be- 
cause of the special 'external' structure the resulting expressions simplify considerably. Namely, 
after performing the differentiations 

D'^+^d^'a^^x'^ixpr = ^^_^^lf^_^jy [p^a^,x^)p'\p'f{pxr-^~^^-^^, 
we arrive at the following harmonic operators in terms of Gegenbauer polynomials: 



\/jPx^ J 

(4.4.20) 



Now, resumming with respect to n ( > 2j -|- 1) we finally get the infinite twist decomposition: 
M(x,-x) =M*"3(a:,-x) + ^— y^— dtt{l-ty~^ M''"^^+'^^\tx,-tx), (4.4.21) 



with 



^tw(3+2,)(^^ -X) = dVM[^,](p) (- 



-3/2 /I 



X (2 + pdp) (3 + pdp) (^V(px)2 -p2a;2j J^^2 l^_^^px)2 _p2^2j gipx/2_ (4 4 22) 

Again, harmonicity of the nonlocal operators M*^(^^^-'^(x, —x) of twist r = 3-|-2j, j = 0, 1, 2, • • • , 
is fulfilled without taking care of j. 



Harmonic vector and tensor operators related to totally symmetric local operators 

The prescribed procedure may be also used for the twist decomposition of any totally symmetric 
(tensor) operator with an arbitrary number of free tensor indices which, in the framework of the 
polynomial technique, are recovered by straightforward differentiation with respect to x of the 
corresponding scalar operators. 

The simplest of these operators, whose tower of infinite twist part starts with r = 2 and which 
contains the leading contributions to virtual Compton scattering is the operator 0^{x, —x). Its 
symmetry type S is characterized by the Young frames (n + 1), 1 < n < oo (cf. also Ref. [HS] 
where we denoted that symmetry type by (i)). The local expressions, 0^„(2;), are obtained from 
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the local scalar operators (|4.4.15|1 of degree n + 1 by applying (l/(n + l))^^. Eventually, we get 



dO^^(x)- V {n + 2-2jy. 2(i-i)Qtw(2+2i), . 



(n + 2-2i)! 2, Qtw(2+2,). A 



i=o 

and the representation (|4.4.6|1 of the beta function, both sums may be rewritten as 



r n+l 1 r n — 1 1 



i=o ^ •'^ j=0 



r n+1 

2 



V + ^2io ^tw(2+2i) . . _ ^ ^tw 2/ N 



2 J 



- 4Ji!(j - 1)! 

respectively, where O^^^^^^^ (x) is given by Eq. ()4.4.17() with j ^ j + 1. From this it becomes 
obvious that, beginning with twist-4, one obtains two different contributions of the same twist, 
namely a vector and a scalar part. 

Now, putting together these terms and resumming over n, thereby representing the normal- 
izing coefficient + 1) as dA A", we obtain 

Ol{x,-x) = dA I {da 0*"2) (Ax, - Ax) 

+ E 4.,V_1), I dtt{l-ty-^daO^<'^'^^){Xtx,-Xtx) 

-2 "^"^^17^ I d"(l-tyO*"('+'^HAte,-Atx)|, (4.4.23) 

where 0*™(^+2j)(x, -x) = 0*^(2+2(i+i))(^^ ^^^^^ 0*^(2+2j)(^^ _^^) ^^^^ g-^^^^ ^q. (gXTSJ). 
Both the integrals over A and t are due to normalizations and, therefore, it depends on the 
personal taste if they are to be included into the definition of the harmonic operators of twist 
r or if they are considered as part of the twist decomposition. It is interesting to note that in 
Eq. (|4.4.2.Sj) only the twist-2 vector and the twist-4 scalar operator survives on the light-cone. 
All other higher twist operators for j > 1 are cancelled due to the factor x^. 

In the same manner we are able to define the twist decomposition of (completely symmetric) 
tensor operators which result from the expression 

^ n+r j 

qS /^x ^ dg^ ^ (n + l + r-2j)! ^tw(2+2i) . . 

(aia2-a,)nV ) ^ („ + ^) A> jl(^n + 1 + r - j)] V )■ 

The general procedure is obvious from the consideration of the vector operator. Completely 
analogous to that case with only one derivative we would obtain a finite number of different 
operators of a given twist r. 
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4.4.2 Harmonic quark-antiquark operators of geometric twist 2 and 3 

In this Section we determine the harmonic quark-antiquark operators up to twist r = 2 and 3 
which are relevant for the generahzation of the parton distributions of definite (geometric) twist 
j66j to the double distributions appearing in the parametrization in the non-forward matrix 
elements of the corresponding non-local operators off the light-cone. According to the framework 
of polynomial technique, we start with the local operators. 

Local harmonic operators 

Now we discuss the local harmonic operators of geometric twist-2 and twist-3 for both the 
chiral-even vector operators, 



0^n{x) = V(0)7a(ia;I?)"V'(0), (4.4.24) 
O^anix) = Vi(0)7a75(ixB)"^(0), (4.4.25) 

and the chiral-odd scalar and skew tensor operators, 

Nn{x) = V^(0)(ixB)XO), (4.4.26) 

M^^p^nix) = VS(0)a„;3(ixB)X0), (4.4.27) 
together with their related scalar and vector operators 

On+l{x) = X"0„„(x), M^n+l{x) = X^M[^^]„(x), M„(x) = d^M^n+i{x). (4.4.28) 

Now we consider the decomposition the vector operators Oan{x) into its harmonic twist-2 
and twist-3 part. The irreducible vector operators 0^^^{x) of Lorentz type (^^, ^^) have 
symmetry types [n + 1] = (n + 1) and can be taken over from the previous Section. On the 
other hand, the twist-3 vector operators transform according to (^^,^^) © (^^^)^^) ^-^id 
have symmetry types [n + 1] = (n, 1). They may be summed up to the lowest term of another 
infinite tower of non-local operators of twist r = 3,4,.... The conditions of tracelessness for 
harmonic vector operators are as follows: 

UO''^^^{x) = Q, 0"O^™^(x) = for r = 2,3. (4.4.29) 

Eventually, the scalar twist-2 operator is given by (see Eqs. H4.1.7|) and 1)4. 1.8(1 with h = 2) 

rn + li 



fc=0 

by means of a partial differentiation, 9^, together with the normalization factor l/(n + 1) as 
follows (see Eq. (14.1 .1 

n+1 



J_ y ( V^{k) W^On+iix). (4.4.30) 

n + 1 4^ 4^A;!(n + l)! ^ ' ' ^ ' 



k=0 
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Here, we introduced the operation 

T)^(^k) = {k + l + xd)da-lxaa (4.4.31) 

which is a generahzation of the inner derivative off the hght-cone and its extension to arbitrary 
values of /c > (see Section 14. If) . 

The twist-3 vector operator which satisfies the conditions (|4.4.29|) is^^ (see Eq. (|4. 1.26)1 with 
h = 2) 

[-] 

= ;;h-'kad,, - E ^"T4lT -''°'0,^(-)^ (4.4.32) 

k=o ' ' 

The proper scalar twist-3 operator is of Lorentz type (§, f ) and reads 

fc=0 

Here I give the decomposition of the skew tensor operator M[q,^]„(x) into twist-2 and twist-3. 
The twist-2 tensor operator Mj*^j^(x) transforms according to (^^, §)©(§, ^^), whereas the 
twist-3 operator which is obtained from the trace terms of Mj*^j^(x) is of Lorentz type (^, ^). 
They have symmetry types [n + 2] = (n+ 1, 1) and [n] = (n), respectively, and are given by (see 
Eq. ^TM) 

jn+l j 

fc=0 

[-] 

(4.4.34) 

and 

Kai(^) = (^7^ ^[a^r-i(^)' (4.4.35) 

with 

[-] 
fe=0 

fc=0 

""^""^We use the convention A^^^] = i (^4,,^ — A^^). 
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Besides the twist-3 operator (|4.4.35j) resulting from the trace terms of the twist-2 operator 
()4.4.34|) there exists also a genuine twist-3 operator having Lorentz type ^) and being gov- 
erned by the symmetry type [n -|- 2] = (n, 1,1). It is given by the following expression^^ (see 
Eq. (|4.1.41|) with h = 2) 

[-] 

M{S]ni^) = -''UjP.] - I E ^"'f/"T^^' □'=M[H„(x) (4.4.37) 

^ ^ k=0 

[-] 

By construction, Eqs. (|4.4.34|) . (|4.4.36j) and (|4.4.37|) are (traceless) harmonic polynomials obey- 
ing 

™[a^]n(^) = 0, d'^Ml:p]Jx) = = d^Ml:p]^{x), r = 2, 3, (4.4.38) 

and 

DM'Z'-iix) = 0, 9-M*-ii(x) = 0. (4.4.39) 

Let us point to the structural similarities of the operators (|4.4.3Ujl and (|4.4.36jl on the one 
hand and (|4.4.32() and 1)4.4.34^ on the other hand. - Furthermore, we observe that when orga- 
nizing the various expressions such that everywhere the partial derivatives appear to the right 
of the A;th power of the differential operations ensuring the symmetry type are transformed 
according to — > Vaik) whereas the generalized (first order) inner derivative remains 
unchanged because it commutes with x^. Namely, a short look on our results, Eqs. (|4. 4.30(1 . 
(|4.4.32|) . (|4.4.33;) . (|4.4.34;) . (|4.4.35|) and (|4.4.37j) . shows that the expressions on-cone are ob- 
tained by restricting the sums to those terms with A; = and replacing x ^ 5q, — > d/dx"^. 
Let us mention that this is nothing else but another form of the harmonic extension which is 
well-known in group theory ,19, ,48, _49^ . The harmonic extension gives an one-to-one relation 
between homogeneous polynomials on the light-cone and the corresponding harmonic polyno- 
mials off-cone. It is important to note that the unique harmonic extension must not destroy the 
type of the Lorentz representation. 

According to Eqs. (I4.4.3()l) . (I4.4.32|) . (I4.4.33|) . (I4.4.34|) . (14.4. 35|) and (14.4.371) we may introduce 
the orthogonal projection operators onto the subspaces with definite spin and, therefore, with 
definite geometric twist r = 2, 3 as follows: 

0[5)L(^) = ^in^ ^0(5)Mn(^), (4-4.40) 

Nl^\x)=V'^^Ka{x), (4.4.41) 
<;5]n(-)=<S'^^^[Hn(-)- (4.4.42) 

The corresponding twist projectors onto the light-cone are discussed in more detail in Section r4.1l 
(see also Ref. 

Resummed harmonic operators with tvi^ist r = 2, 3 

Now we are able to rewrite the local harmonic operators of definite twist r = 2,3 in terms 
of Gegenbauer polynomials in the x-space analogous to the scalar harmonic operators. In a 

^^We use the convention Aap^ = + ^^([^a] + ^7[a/3])- 
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second step we resum the infinite series (for n) of Gegenbauer polynomials to the related Bessel 
functions thereby obtaining nonlocal harmonic operators of (the same) definite twist. 

For notational simplicity we introduce the following abbreviations for the homogeneous poly- 
nomials and their related functions: 



\l/2-'^ /I 



2 _ „2^2 1 Q^P^I'^_ 



(4.4.43) 
(4.4.44) 



Using the following functional relations of the Gegenbauer and Bessel functions |112j . 

^^(z-^J^{z))=-z'^J^^M, 

z-^J\{z) = -AJa(z) + zJx-i{z), 
dz 

respectively, one obtains the following results for the partial derivations of these functions: 

1 



daK{p\x) = V { PaKtX(j,\x) - ^p^Xah'^tlip\x) ) , 

daHu{p\x) = ( ipa(2i/ + l + xd) - ^{ipf'Xa ] T-Ly+i{p\x). 



(4.4.45) 
(4.4.46) 



The local twist-2 vector operator^^ is obtained through derivation with respect to of the 
local twist-2 scalar operator as follows, cf., Eq. (|4.4.3flj) . 



^-^^ a„ j d^p {i>^^if){p) jx'^ hl{p\x) - ^p^'x^ hl_^{p\x) 



-2 / d^p (V^T/.V') {P)\ hl{p\x) - pf^x^ hl_,{p\x) 



(4.4.47) 



+ 2xf'pa hl_i{p\x) - {x^'Xap'^ +P^PaX^) hl_2{p\x) + -p^'Xax'^p'^ ^n-sCP^^ 



and the corresponding resummed nonlocal twist-2 vector operator reads 



0]^\x, -x) = a„ dt J dV (^7mV')(p) ^x'' {2+pdp) - -itp'^x^l i3+pdp) n2{p\tx) 

= j d^p (V^TmV') {P) (2 + pdp) 1^ dt| [ (3 + pdp) 5^ - itp^x,] n2{p\tx) (4.4.48) 



+ 



(3+p5p) ( (4+pap)itp„X^- ^(it)2(pVxa + xVPa) j + ^(it)V/^ax2]w3(p|tx) 



Here, the equality l/{n + l) = dtt"- has been used; analogous equalities will be used in the 
following. 



^The corresponding local tensor operator of 2nd rank is given by: 0^5^-1(3;) — l/ndi30^{x). 
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1 



(n + 1) 



The resummed local twist-3 vector operator reads, cf., Eq. (|4.4.32|1 : 

d'p (V^TmV') (p)x^|2(n + l)6i^^pp] hl_,ip\x) + (n + 2) x^J^ hl_^ip\x) 
- ^^aPp]P^ hl_2{p\x) + 2X[„p^]xV /ln-3(Pk)|, (4.4.49) 
and the bilocal twist-3 vector operator is given by 

^P (^7/.^)(p) xf[5ldp^ (1 +pdp) - x^^dp^d^'] dtni{p\tx) 

d^p (V^t'^V') (p) dt (2 + pdp) xf\ h it (2 + pdp) - (it)25f„x^]p2l n2{p\tx) 



Ojr^(x,-x) =2 / d^ 



- ^tx[^pp] ^2itp^' {5 + pdp) - (it)2xVj W3(p|te)|. (4.4.50) 
The local twist-3 chiral-odd scalar operator will be given only for completeness, cf., Eq. 1)4. 4. 3() : 

= J d4p(v;V^)(p)/ji(p|x), (4.4.51) 
and for the corresponding bilocal one, one gets 

Af*^^(x, -x) = [ d^p ('(AV)(P) (1 + pdp) niip\x). (4.4.52) 



The local resummed twist-2 chiral-odd skew tensor operator is given by, cf., Eq. (|4.4.34[) . 

2 



Mn^"^ (n + 2)(n + l) I I" n + 2 

X j d''p[i^a^,^){p)[x'^hl(p\x) - ]^p''x^hl_M^)}, (4.4.53) 

and the related bilocal twist-2 skew tensor operator reads 



x" (3 + pdp) - -itp^x^ n2{p\tx). (4.4.54) 



For the related, resummed local twist-3 skew tensor operator resulting from the trace terms we 
obtain 

Mf,"|n(^) = (^ + 2)^ ^[^^/^l / d'p(V5^/..V')(p)p^x^/iLi(pk), (4.4.55) 
and get the following twist-3 bilocal skew tensor 

= / "^"P ip''^'(2 +p5p) 1^ dtn2{p\tx). (4.4.56) 
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In addition, the independent local twist-3 skew tensor having symmetry type [n+2] = (n, 1, 1) 
with Lorentz structure (f , §) reads 

^Mn(^) = ^"^'{^[M] -l^la^pd.jd^] J d^p{i}a,.i;)ip)hi{p\x) (4.4.57) 
and leads to the following expression for the twist-3 bilocal skew tensor 

X / dt— — ni{p\tx). (4.4.58) 

Let me note that we can use the formulas ()4.4.47|) and H4.4.49|) to calculate the target mass 
corrections of the Compton amplitude in the g-space. In order to do this one has to use the 
operators 0^^y^^{q) and 0^^y^^{q) which are multiplied by the coefficient functions in the q- 
space. In the forward case one finds the target mass corrections for the Bjorken sum rules and 
the Nachtmann moments (see Refs. |18l 11241 11U4| '). Additionally, one is able to calculate the 
power corrections for the non-forward case, too. 

Is also possible to rewrite all harmonic operators in terms of Gegenbauer polynomials and 
Bessel functions for 2/i-dimensional spacetime. 
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Chapter 5 

Conclusions and Outlook 



A unique group theoretical procedure was introduced which allows a decomposition of nonlocal 
tensor-valued light-ray operators and off-cone operators into (tensorial) operators and harmonic 
operators, respectively, with definite geometric twist. This decomposition is completely of group 
theoretical origin and is equivalent to the decomposition of local operators with respect to ir- 
reducible tensor representations of the Lorentz group. The explicite twist decomposition in 
1 -|- 3-spacetime dimensions has been given for all physically relevant bilocal quark and gluon 
tensor operators which appear, e.g., in the virtual Compton scattering in the generalized Bjorken 
region as well as for multilocal operators containing many quark and gluon fields, e.g., Shuryak- 
Vainshtein type operators, four-quark and four gluon operators, and three-gluon operators. In 
the case of light-ray operators the twist projectors are given in terms of interior differential 
operators, which were introduced by Bargmann and Todorov jl9| . By the help of these interior 
differential operators the conditions of tracelessness can be easily formulated and satisfied. In 
the case of off-cone operators the local operators are given in terms of Gegenbauer polynomials 
and the nonlocal ones are expressed in terms of Bessel functions. There are one-to-one rela- 
tions between the light-ray and off-cone operators with definite geometric twist. The light-ray 
operators are obtained through the projection of the off-cone operators onto the light-cone. In 
the other direction, the off-cone operators can be understood as the harmonic extension of the 
light-ray operators. Because we discussed the relations for arbitrary 2/i-spacetime dimensions 
one can also construct twist operators in higher or lower dimensions in straightforward manner. 
Perhaps this fact can be useful in order to renormalize the QCD operators by the help of dimen- 
sional regularization. Another interesting fact, from the mathematical point of view, may be the 
generalization of the twist decomposition for more complicated symmetry types. Perhaps such 
(higher) twist operators will be needed from the phenomenological point of view in future. Ad- 
ditionally, one can use the polynomial technique to construct a general mathematical theory of 
SO{2h) or S0{1, 2h — 1) irreducible tensor polynomials which do not exist in the mathematical 
literature. Then one will be able to compute the infinite twist decomposition of any multilocal 
tensor operator. 

We calculated the forward and vacuum-to- vector meson matrix elements of bilocal light-ray 
operators with definite geometric twist. In this doing we were able to classify the corresponding 
quark distribution and vector meson distribution amplitudes with respect to definite geometric 
twist in a unique manner. Concerning higher twists we introduced new parton distribution func- 
tions and /9-meson distribution amplitudes, as wells as their moments, having definite geometric 
twist. We were able to derive one-to-one relations between these new distribution amplitudes and 
the conventional ones with dynamical twist, which were earlier introduced by Jaffe and Ji [73] 
and by Ball et al. Thereby, Wandzura-Wilczek type relations and Burkhardt-Cottingham 



124 



type sum rules for the dynamical distribution amplitudes, which should be tested experimentally, 
have been obtained for higher twists. 

By calculating the (general) non-forward matrix elements of off-cone operators with definite 
geometric twist we introduced for the first time all geometric twist-2 and twist-3 double dis- 
tribution amplitudes which are used from the phenomenological point of view. In the case of 
operators whose moments are related to totally symmetric tensors we were able to determine 
the complete twist decomposition up to infinite geometric twist. Using these bilocal operators 
we gave the classification of the (pseudo) scalar meson distribution amplitudes for all twists. An 
important result of our approach is that we were able to separate all kinematical factors like 
x^, xP, and xS from the the distribution amplitudes and to resum the power corrections to all 
orders. This is based on the group-theoretical content of the procedure of trace subtraction from 
the local operators with definite symmetry type. Because the distribution amplitudes of defi- 
nite geometric twist are already determined by the nonlocal matrix elements on the light-cone 
their renormalization properties are determined by the light-cone operators only. The nonlocal 
matrix elements off-cone contain supplementary kinematical structures which correspond to the 
structure of the harmonic extension of the matrix element on-cone. 

Additionally, by means of these harmonic QCD operators one is able to calculate target 
and quark mass corrections in the Compton amplitude of non-forward scattering processes, like 
deeply virtual Compton scattering and diffractive scattering. Hopefully, this will be useful for 
predictions of target mass effects in physical cross sections of these processes. 
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Appendix A 

Symmetry classes and tensor 
representations 

In this Appendix we collect some facts about tensor representations of the classical matrix groups 
G and their relation to the symmetric group S„ which are of relevance in our consideration (see, 
e.g., j2Ul I72j ). Given any irreducible matrix representation, 

Gb g£ B{V) : gei = ej ah, (A.l) 

on some vector space V (of dimension dimy) with base {e,, i = 1,2, .. . ,dimy}. The direct 
products of these representations act on the tensor space T" V which is build as tensor product 
of n copies of the vector space V: 

= {V0...(^v). 

The elements of the tensor space T'^V are the n-times contravariant tensors t = t*^'"*"ej^...j„, 
where f^---^" are the components of t in the base eij...j„ = (cj^ . . . ® ei„) , G [1, . . . , dim V]. ^ 
The components of the tensors of rank n transform under G according to 

(t')^^-'" = f i-^" = a''u, . . . a''-ij^-'". (A.2) 

In the following we shall comment on the connection between the irreducible representa- 
tions of the general linear group GL(N, C) (together with its subgroups) and of the sym- 
metric group Sn on these tensor spaces. Let us, at the moment consider only the groups 
G = GL{N,C),SL{NX),SU{N). Given any (irreducible) representation of G on V, then its 
n-fold tensor product defines a reducible representation A^"'^ which, together with the reducible 
representation vr of 5,^, is determined by: 

iW(^)t^ iW(5)(tn....„g.^^^^^j f--"(5e).,®...®(5e).„, Vff € G, 

7Tt= ^(t*^-^"ei,...,J := r(^i-^")e,, ®...®ei„, G 

therefore the action of both groups on the tensors t commutes ^ 

[i("^(ff),^]t = 0. (A.3) 

'^Here, neither covariant tensors which act on direct products of the dual space V nor mixed ones are considered 
since, for the case under consideration, the indices may be raised or lowered by the metric tensor. 

^This results from the fact that the product of the matrix elements in Eq. IIA.2t is bisymmetric under Sn . 
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Of course, the same conclusion holds for the elements a(7r)7r, a(7r) € M, of the group algebra 
7^[S'„] of the symmetric group. This algebra, considered as a vector space, carries the regular 
representation of Sn which is known to be fully reducible. 

The irreducible representations Al™! of the symmetric group are uniquely determined by the 
idempotent (normalized) Young operators 



y[m]y[i 



f[ri 



n! 



-PQ with V = ^ p, Q = ^ 5qq, 

'\m\\m']y\m\ ) 



which are related to corresponding Young tableaux being denoted by [m]. If 
^^ira.,m.,...n..) with ^ - 



(A.4) 
(A.5) 

(A.6) 



1=1 



defines a Young pattern (Fig. IA.1|) then a Young tableau [m] is obtained by putting in (without 
repetition) the indices ii, . . . i„ - corresponding to different "places" within the direct product 
- and and V[m] denotes their horizontal and vertical permutations with respect to [m]. A 
standard tableau is obtained when the indices ii, . . . , i„ are ordered lexicographically. There are 



lli=l 



mi + r 



2 , = ni 



(A.7) 



different standard tableaux which correspond to /[„] different, but equivalent, irreducible repre- 
sentations of Sn whose dimension is given also by /[„] . The (normalized) Young operators y[m] 
according to (|A.5|) project onto mutually orthogonal irreducible left ideals of 7^[S'„]. 



mi boxes 
m2 boxes 



nir boxes 
Figure A.l: Young pattern m 



In this way the tensor product of n spaces V carries the regular representation of the group 
Sn and decomposes into ^[^j /[ml irreducible subspaces containing tensors of symmetry class 



However, the tensors actually are specified by taking for the indices ii, 



arbitrary 



values from the range [1, . . . , dim F]. Therefore, with respect to the group G the standard 
tableau is defined by putting into the Young pattern the values of the indices i^ such that they 
are non-decreasing from left to right and increasing from top to bottom! Because of Eq. (|A.3|) 
by Schur's Lemma it follows that the representation A^^^ (g) of G is reducible and it decomposes 
into as many irreducible representations as there are (in general reducible) representations of 
Sn, i.e., any tensor representation of the group G is characterized by a standard tableau. 



i(")(<7) 



[m] 



TT 



(A. 
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where -E/j^j is the unit matrix; more exphcitly we have 

^^"'H9)[m]Ka,[m']K'a' = ^[m][m']^aa' R^^'ig) , (A. 9) 

where k = l,...,r[m] counts different equivalent irreducible representations of Sn and a = 
1, . . . , < counts the basis elements of these representations. The representations R^^\g) 
of G in V are characterized by equivalent Young operators y^m] = Q'P- ^ 

[m] K 

The invariant subspaces projected out by y[m]K,{T"' V) are irreducible with respect to GL{N, C), 
SL{N,C) and SU{N). After restriction onto these subgroups some of the irreducible represen- 
tations become equivalent ones. However, for 0{N,C), SO{N,C) and Sp{2u) these representa- 
tions, in general, are not irreducible and decompose further. 

Concerning the orthogonal groups from the subspaces of the above introduced symmetry 
classes only the completely antisymmetric ones (for n < N) remain irreducible. The reason is 
that, because of the very definition of the orthogonal groups, dijd^kO''' i = ^ku Va G 0{N), the 
operation of taking the trace of a tensor commutes with the orthogonal transformations of that 
tensor: 

trT' = 6ijT''^ = 5ija\a^iT^^ = tr T. (A.ll) 

Again, by Schur's Lemma, irreducible subspaces of 0{N) are spanned by traceless tensors having 
definite symmetry class. This decomposition is obtained as follows: 



rpili2...in _|_ \ ^ rtr«s rph ■ ■ -ir-lir + l ■ ■ -is-lis + l ■ ■ -in / /I i 2) 

[ml / V [m— 2] ■ \ ■ J 



[m] [m] 

l<r,s<n 



The tensors which appear under the sum have degree n — 2 and a Young pattern [m — 2] C 
[m] obtained by removing two boxes from the (right) border without destroying the property 
HB.2|) and ()B.3|) to be a pattern. They may be decomposed again into traceless ones plus 
some remainder, and so on. Therefore, a traceless tensor is obtained from the original one by 
successively subtracting the traces. 



^Note, that the symmetrizations V and the antisymmetrizations Q with respect to [m] are interchanged. This 
corresponds, in the terminology of quantum mechanics, to "quantum number permutations" instead of the "place 
permutations" above. And, contrary to yym] which defines a left ideal in TZ, Vym] defines a right ideal. 



128 



Appendix B 

Irreducible tensor representations of 
the Lorentz group 

In this Appendix the group theoretical background will be given which is used for the con- 
struction of the nonlocal operators whose local parts - which are obtained by Taylor expansion 
- transform according to irreducible tensor representations under the Lorentz group, i.e., have 
definite spin and therefore also well defined twist. These tensor representations are characterized 
by a specific symmetry class with respect to the symmetric group and are determined by a few 
types of Young tableaux. 

T 

The Lie algebra of the Lorentz group £^ is characterized by the generators of the three 
spatial rotations M and the three boosts N; from it the two (complex) linear combinations 
M± may be build which define two independent S0{3) groups: 

[M'^,Mi]=ie'^''M^, [Mi, Mi] = with M± = M ±iN. 

Therefore, the (Lie algebra of the) complex Lorentz group is isomorphic to the (Lie algebra of 
the) direct product 50(3, C) Cg) 50(3, C) ~ 50(4, C). This characterization makes use of the 
fact that the irreducible (finite) representations 

p(i+J-)((p^^) = p(j+)((^ -ii?) 0p(j-)((^ + i'(9) (B.l) 

of the restricted orthochronous Lorentz group ~ 50(1, 3; M), where ip and i9 are the angle 
of rotation and the rapidity of the boost transformations, are determined by two numbers 

j-), j± = 0, 1/2, 1, • • • , which define the spin j = j+ + j_ of the representation. 

Let us now state some general results concerning finite dimensional representations of the 
(complex) orthogonal groups (see, e.g.. Chapters 8 and 10 of Ref. ^20)): 

(1) The group SO{N, C) has two series of complex-analytic^ irreducible representations. Every 
representation of the first (resp. the second) series determines and is in turn determined by 
a highest weight m = (mi, ?7i2, . . . , m,/) whose components rrii are integers (resp. half-odd 
integers) and satisfy the conditions 

nil ^ w-2 > • • • > m-u-i > {mi^l for N = (B.2) 
mi > 1712 > • • • > mriy-i > m^y > for = 2z^ + 1. (B.3) 

The first series determines the tensor representations, whereas the second series determines the 
spinor representations. 

'^A representation is complex-analytic if it depends analytically on the group parameters. 
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(2) A tensor representation of SO{N;C), for either N = 21/ or N = 2iy + I, being determined 
by the highest weight m = (mi,m2, . . . ,m^), rrii integer, is equivalent to another tensor repre- 
sentation Ti^i^^^^i^^ = ^ rrii, which is reahzed in the space of traceless tensors whose symmetry 
class is characterized by a Young pattern defined by the partition [m] = (mi, m2, . . . , m^). 

(3) Furthermore, if Tq^ is a complex-analytic representation of a (complex) semi-simple Lie 
group Gc and Tq^ is the restriction of to a real form G,. of Gc, then, Tq^ is irreducible (fully 
reducible) iff T^r is irreducible (fully reducible). As a consequence, any irreducible representation 
of the complex group remains irreducible if restricted to a real subgroup and, on the other hand, 
from any irreducible representation of the real group by analytic continuation in the group 
parameters an irreducible representation of its complexification is obtained. 

Therefore, in order to investigate irreducible tensor representations of the Lorentz group 
we may consider equally well irreducible tensor representations of the complex group 5'0(4, C). 
Even more, any irreducible representation of the orthogonal group 50(4) by analytic continua- 
tion induces an irreducible representation of 5*0(4, C), which by restriction to their real subgroup 
jO\_ subduces an irreducible representation of the Lorentz group. Since tensor representations 
of the orthogonal group are uniquely determined by the symmetry class [m] of their tensors we 
may study the irreducible tensor representations of the Lorentz group through a study of the 
corresponding Young tableaux which determine the irreducible representations of the symmetric 
group Sn of permutations. 

This characterization of tensor representations through their symmetry class holds for any 
of the classical matrix groups, GL{N,C) and their various subgroups (see also Appendix 1^. 
However, for 0(A^, C) and SO{N, C) these representations, in general, are not irreducible. The 
reason is that taking the trace of a tensor commutes with the orthogonal transformations. 
Therefore, by Schur's Lemma, irreducible subspaces of SO{N, C) are spanned by traceless tensors 
having definite symmetry class. 

From the requirement of tracelessness the following restrictions obtain (see, e.g., 72 J: The 
only Young tableaux being relevant are those whose first two columns are restricted to have 
length /Ui -|- /i2 < A^ (see (i) - (iv) below). Two representations R and R' whose first columns 
are related by fi'i = N — //i, where /ii < A^/2, are called associated; if //i = /i'^ = N/2 this 
representation is called selfassociated. After restriction to the subgroup SO{N) C 0{N) associ- 
ated representations are equivalent, whereas selfassociated representations decompose into two 
nonequivalent irreducible representations. 

Let us illustrate this for the Lorentz group by the representations which will be of interest 
in the following. First of all, vector and axial vector representations and = e^iy^A^^'*'^, 
respectively, are associated ones, and antisymmetric tensor representations, ^^^y — '^^u — ^u^^ are 
selfassociated which, if restricted to 50(1,3) decompose into the (anti-) self dual tensors A^^ = 
\{A^u =p \ '\e^vK\A'^'^)- Since later on only representations of the orthochronous Lorentz group 
containing the parity operation are considered, this distinction is of no relevance. Therefore, 
any tensor of second order, T^y, may be decomposed according to 

V V 

Let us denote by T(j+,j_), j+ + j- integer, the space of tensors which carry an irreducible 
representation 

pO+j-) of the Lorentz group. Then from Eq. (|B.4|) we read off: S^y S T(l, 1) 
is a symmetric traceless tensor, A^y = A^^ + A"^ £ T(1,0) © T(0, 1) are the selfdual and the 
anti-selfdual antisymmetric tensors, and Tp^ £ T(0, 0) corresponds to the trivial representa- 
tion defined through the unit tensor. This decomposition corresponds to the Clebsch-Gordan 
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decomposition of the direct product of two vector representations: 



= (1,1)© ((1,0) ©(0,1)) ©(0,0). 



(B.5) 



Now we consider the decomposition of the space of tensors of rank n into irreducible repre- 
sentation spaces of 50(1, 3; M). The different symmetry classes are strongly restricted by the 
requirement that only such Young patterns [m] are allowed for which the sum of the first two 
columns is lower or equal to four. Therefore, only the following Young patterns correspond to 
nontrivial irreducible representations by traceless tensors: 



11. 



111. 



IV. 



j = n, n — 2, n — 4, . . . 
j = n — l,n — 2,n — S, . . . 



J 



n 



n ■ 



2,n-3,... 



2,n-3,... 



In addition, for n = 4, also the completely antisymmetric tensor of rank 4 which is proportional 
to 

C/ii/fcA, Siiid therefore equivalent to the trivial representation is allowed. 

For the cases (i) - (iv) the minimal spin j - depending on n being either even or odd - 
will be zero or one. In the case of symmetry type (iv) we have given only one special Young 
pattern; in principle the length of the second row may contain up to m2 = [§] boxes, and then 
the maximal spin is given by j = n — m2- — The representations corresponding to symmetry 
class (i) are associated to representations of the symmetry class (iii) with n + 2 boxes. The 
representations corresponding to symmetry class (ii) and (iv) are selfassociated. The symmetry 
class (ii) contains two non-equivalent parts being related to (^, ^ — 1) and (^ — 1, ^); the 
symmetry class (iv) contains three nonequivalent parts related to | — 2), (^ — 1, ^ — 1) and 
(^ — 2, ^); and so on. Any tensor whose symmetry class does not coincide with one of the above 
classes vanishes identically due to the requirement of tracelessness. 

There are two possible ways to construct the non-vanishing tensors. Either one symmetrizes 
the indices according to the corresponding (standard) Young tableaux and afterwards subtracts 
the traces, or one starts from tensors being already traceless and finally symmetrizes because 
this does not destroy the tracelessness. For practical reasons the latter procedure seems to be 
preferable and will be used in the construction of irreducible light-cone operators of definite 
twist. 
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Appendix C 



The interior derivative on the 
light-cone and hght-cone operators 
with definite geometric twist 

In this Appendix we would like to discuss some properties of the so-called internal derivatives 
on the light-cone. 

Let us now introduce the notion of interior differential operators on the complex light-cone 



K2h{Q = G z^ = zl + ... + zl^ = 0} , (C.l) 

and on the real light-cone 

K2h{^) = G M^'^; = X? - - . . . - x^;, = 0} , (C.2) 
respectively. The 2/i-dimensional Minkowski space M^^ has the signature (H — •••—). 



For the first time, an interior differential operator has been used in order to characterize 
(irreducible) symmetric tensor representations [/" of S0{2h) on the complex light-cone. In this 
turn one may consider the graded algebra 

00 

P = P(K2",) = 0i^2\, (C.3) 

n=0 

where Kl^^ is the space of homogeneous polynomials T„(x) of degree n on the cone ^IHH]. The 
reducible representation 

C/(A)/(z) = /(A-iz), A e 50(2/1), /GP, (C.4) 

of S0{2h) generates all symmetric tensor representations C/" 

00 

U = ^U\ (C.5) 

n=0 

which are given by the restriction of U to Klf^^ jl9j . 

The real light-cone provides a convenient realization of the carrier space for the symmetric 
tensor representations of the group S0{1^ 2h—\). In the following we consider the real light-cone. 
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A differential operator Q is said to be an interior differential operator iff 

Q(x2r„(x))|^.,^_,^Q = 0. (C.6) 

For example, the generators of dilation X = h — 1 + xd and rotations X^y = Xyd^ — x^d^ are 
first order interior differential operators on the light-cone. Obviously, they leave the space Kl^^^ 
invariant. The interior operators on P form a (complex) algebra under addition and multipli- 
cation [T9] . 

A further interior differential operator d^ of second order may be introduced by the following 
requirements: 

(a) it should be a lowering operator, i.e. mapping a homogeneous polynomial of degree n (of x) 
into a homogeneous polynomial of degree n — 1, K^^^ ^2h^ 'i 

(b) it should behave as a vector under rotations, 

[Xf,^,dx\ = 6f,xdu - ^lyxd/,; (C.7) 

(c) it should be the lowest order differential operator satisfying (a) and (b). 

Choosing the normalization of this interior derivative so that 2d^ is the generator of special 
conformal transformations of massless 0-helicity representations of the conformal Lie algebra 
5o(2,2/i), the interior derivative is given as 

d^/(x) = {(/i - 1 + xd)d^ - ix^n}/(x)|^^-, (C.8) 

with the following properties 

d2 = 0, [d^,d^] = and d^x^ = x^{d^ + 2d^) . (C.9) 

Obviously, d^ is a second order interior differential operator which together with x^, X and X^^, 
satisfies the conformal Lie algebra so(2,2/i) in x-space; especially there hold the commutator 
relations 

[d^, X.] = 6^,X + X^,, [d^, X] = d^. (C.IO) 

In that terminology x is a raising operator which plays the role of "momentum" in the conformal 
algebra: 

[x^,x^] = 0, x^^O. (C.ll) 

Dobrev et al. |461 1481 1851 I45j used the interior derivative in conformal OPE in order to 
construct local composite tensor operators which transform under an elementary representations 
of the conformal group SO{2,2h). They formulated the condition for conformal invariance by 
means of the interior derivative on the light-cone. 

For the first time, the application of the interior derivative in order to satisfy the conditions 
of tracelessness on the light-cone, and for antisymmetric tensors was given by Dobrev and 
Ganchev [IH] . 

Additionally, the interior derivative has been used to formulate a conformal "Lorentz con- 
dition" in Conformal Quantum Electrodynamics jl2Ul I55j and in manifestly 0(2, 4)-covariant 
formalism for the photon- Weyl graviton system |56j . 

Finally, I will show how one can use the interior derivatives for the decomposition of the 
local light-cone operator (see also Refs. jlHl EZl EHl ) j 

Oan{y,x) = ^{y)j^{xDri;{y), (C.12) 
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into all its twist parts. The operator HC.12|) has the canonical dimension doa„ = 2h + n — l. We 
may uniquely decompose this light-cone operator according to 

Oo.niy,x) = 0'Z^'^-'\y,x) + 0'Z^'^-'\y,x)+Xo.O':^^^^^^ (C.13) 

Using the Eq. (|4.1.12|) we get the operator of maximal spin, j = n + 1, and minimal twist 
r = 2/i - 2 

0'Z^'^-'Hy,x) = ^-_^^^i___^d,0„+,(y,£). (C.14) 
The operator of twist t = 2h — 1 and spin j = n is obtained from Eq. 1)4. 1.28(1 as follows 

o-(--)(.,x) = (,^,)(,'^,_,) ^^ {^&^., + ^^rrbs ^["^1^'^} 

^ '',5^(xd)-xM^- ^^"^"^ ^ XadAo^n{y,x). (C.15) 



(n + l)(/i + n-2) 1^ ^ " 2/i + n-3 

From the trace terms of Eqs. ()C.14|) and ()C.15|) we construct the operator with twist t = 2h 
and spin j = n — 1 according to 

The light-cone operators of geometric twist satisfy the following conditions of tracelessness on 
the light-cone: 

d'-OZ^^''-'Hy,x) = 0, (C.17) 

^aQtw(2h-l)(y^ ~) ^ Q_ (C.18) 

The light-cone operator HC.16|1 is traceless by construction. 
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Appendix D 



Target mass corrections for a scalar 
theory in 2/i-dimensional spacetime 



The purpose of this Appendix is the investigation of the off-forward scattering amphtude with 
kinematical target mass corrections from the minimal twist contributions in 2/i-dimensional 
Euclidean spacetime {2h > 3). For simplicity we consider a scalar field theory. We will illustrate 
this with the simplest non-forward scattering process: the (scalar) meson production by two 
virtual photons 

7*('?i) + 7*fe)^M(P). (D.l) 

We denote the momenta of the two incoming photons by qi and q2, and the momentum of the 
outgoing scalar meson by P. The non-forward scattering of this process may be written as 

TiP,q) = I d^''xe"^^{0\T{Jix)Ji-x))\P), q^^{q,-q,), (D.2) 

with the scalar current J{x) = (f){x)(f){x). 

Using the Wick theorem and Born approximation we obtain: 

T{J{x)J{-x)) w Dh{x) {N{x, -x) + N{-x, x)) , (D.3) 

where Dh{x) is the canonical Euclidean propagator for a scalar field in 2/i-dimensional space- 
time |45| 

Now, we expand the nonlocal operator in an infinite tower of local ones^ 

N(x, -x) = V ^(/>(0)(ixD)"(/>(0) (D.5) 

n=0 

We perform the Fourier transformation by the help of the following formula^ 

[ j2/i igx^^m^l3*n _ ( -yi h^2h^2k+n ^{h - k + u) q^^ . . . 



^Alternatively, we could use nonlocal operators. Then the nonlocal leading twist operator is given in terms of 
Hh-i- 

^More strictly, we have: [a;^] {x^ - iO] and (q^) (g^ + iO). 
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in particular with 



p^q^ rn -i- n) 1 



(D.7) 



where we neglected all terms involving Dg, since they vanish for leading twist. The leading twist 
operator has r = 2{h — 1). It is in the g-space a harmonic polynomial of degree n in g which 
satisfies □qA^^'*'(g) = 0. Eventually, we use the harmonic projector in the (/-space and obtain 
for the corresponding matrix element 

[-] 



+ 2)! A. 4fcA:!(n-2A:)! ^ ' 



fe=0 

n! 



ivW^) CrW^ /„. (D.8) 



(A-1)„V2" / " VvV^« 

where is the reduced matrix element. The rewriting from the first to the third line in Eq. ()D.8|) 
is nothing else but another form of a harmonic polynomial which is related to the irreducible 
representation of the group S0{2h). Accordingly, the scattering amplitude in terms of local 
operators appears as an expansion with respect to Gegenbauer polynomials: 



oo 



which is very close to Nachtmann's jlU7j target mass corrections in inclusive processes for a 
scalar field theory (h = 2). Using the integral representation of Euler's beta functions for the 
Gamma functions in Eq. ()D.9|) 



T{n + h-l) {n + h-2)\ 

= {h-l + n) r dte{l-tf-\ (D.IO) 
Jo 

and replace nt" — > tdtf^, we get the following expression for the scattering amplitude 

J-1 Jo 1 



oo 

X 

n=0 



n 



The resummation in Eq. ()D.9|) can be done by making use of the generating function for the 
Gegenbauer polynomials 



^ a"C^~i(6) = (1 - 2ah + a^^-^^^^^ 

n=0 

2\h-l 



' (D.12) 



136 



Here a = t^^J P'^ /q^ and b = qP/ \J q^P"^. Finally, we obtain the scattering amplitude with all 
mass-corrections on twist r = 2{h — 1) level 



T{P,q)= f\u{0 C dtil-tf-^q'f-^h-l + tdt) 
J -I Jo 



+ 



{q + t^py(^-^) {q-t^Py(h^^) 

(D.13) 



If we carry out the derivative in Eq. ()D.13|1 . we obtain 
TiP, q) = J'^ de m) £ dt (1 - t)'^-2(g2)'^-2 1 (/i - 1 4 



2t') ( + 



{q + t^PyC'-^) (g - t^P)2{/'-l) 

Thus, we are able to express the scattering amplitude in terms of a DA f^'^\^) with twist 
r = 2(h — 1) and a mass-dependent coefficient function. 

For h = 2 we perform the partial integration with respect to t in Eq. (|D.13|) and obtain the 
simple expression for the scattering amplitude 

1 ^1 1 



From this point of view, one may introduce the following kinematical DA: 

n(. p) = /«) + ^^4^) , (D.io) 

which contains the power corrections of the DA /(^) on twist r = 2 level. If we expand the 
scattering amplitude ()D.15|1 in powers of P"^ /q^ , we finally get the simple formula: 

2 °° pn 

T{P,q) = -Y,in + l)—fn, n-even. (D.17) 

q^ 1 
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